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Abstract

This paper presents a new approach to learning qualitative
models, namely active learning of qualitative models. We
combine a traditional approach of learning qualitative mod-
els from numerical data with the active learning paradigm.
In general, active learning is useful when labeling learning
examples is expensive or difficult. Selecting a representative
subset of learning examples is thus extremely important in or-
der to learn a good model. While learning qualitative models
by approximating partial derivatives of output variable w.r.t.
the selected input variable, we can use the ceteris paribus as-
sumption to choose the next learning example for which we
demand a label. In other words, the next most useful example
is the one that changes the value in the direction of differenti-
ation, other variables being equal. We propose a new method,
Active Padé, for active learning of qualitative models. Pre-
liminary experiments on an artificial data set show that our
algorithm can learn quite accurate models with a small subset
of labeled examples, even on noisy domains.

1 Introduction
Learning qualitative models from numerical data is becom-
ing an increasingly more important area of qualitative mod-
eling. It is useful in many situations. For example, it can
be used to learn simple physical laws about concepts such
as centripetal force, gravitation and pendulum from given
learning examples randomly sampled from the attribute
space (Zabkar et al. 2010). Furthermore, such models are
usually simpler and easier to understand by humans. An ex-
ample of such a model is the qualitative model describing
the relation between the period T of a pendulum, its length
l and the gravitational acceleration g : T = Q(+l,−g). It
tells us that the period increases with l and decreases with g.

All the previously mentioned qualitative models describ-
ing simple physical laws were built using a large number
of training examples (usually thousands of examples). This
is fine if obtaining the examples is fast and cheap, however,
that may not always be the case. Imagine that we have an au-
tonomous robot trying to induce a qualitative model describ-
ing the simple physical law of a pendulum we mentioned be-
fore. It is given a set of actions that allow it to change the
following attributes: the length of the rope l, the mass of the
bobm and the initial angle ϕ. The robot has no prior knowl-
edge regarding the relations between the given attributes and

starts collecting examples by performing experiments and
measuring the results (the period T ). For each triplet of val-
ues (l,m, ϕ) for which it wants to know the value of T , it
has to set up a new experiment with the desired values of l,
m and ϕ and measure the result. This process can quickly
become very time consuming and inefficient.

This leads us to propose a new approach to qualitative
learning, namely active learning of qualitative models. Ac-
tive learning is a sub-field of machine learning built on
the assumption that, if the learning algorithm is allowed to
choose the data from which it learns, it will perform bet-
ter with less labeled training instances (Settles 2009). The
active learner may ask queries in the form of unlabeled in-
stances to be labeled by an oracle (e.g. a human supervisor)
or perform the experiment by itself (e.g. an autonomous
robot) to obtain the label. Returning to the autonomous
robot example, this would mean that by learning actively,
the robot would learn better models with less labeled train-
ing examples. The robot has access to practically infinite
number of unlabeled examples by sampling the attributes l,
m and ϕ from their corresponding domains. The labeling
process involves the robot performing the experiment for the
given triplet of values (l,m, ϕ) and measuring the period
T . By choosing the most appropriate unlabeled examples
(triplets (l,m, ϕ)), the robot will quickly learn the correct
qualitative model.

In this paper we use the same definition of qualitative re-
lations as the one described in (Zabkar et al. 2010). This
definition is based on partial derivatives and states the fol-
lowing: a function f is in positive (negative) qualitative re-
lation with x over a region R if the partial derivative of f
with respect to x is positive (negative) over the entireR:

f = QR(+x) ≡ ∀x0 ∈ R :
∂f

∂x
(x0) > 0 (1)

and

f = QR(−x) ≡ ∀x0 ∈ R :
∂f

∂x
(x0) < 0. (2)

For example:

if x > 0 ∧ y < 0 then f = Q(+x),

if x < 0 ∨ y > 0 then f = Q(−x).
For the sake of clarity, we usually omit specifying the re-

gion when it is obvious from the context.
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2 Related Work
Our paper aims to bring together two areas of AI, the learn-
ing of qualitative models from numerical data and active
learning. Herein we only mention the work that is most rel-
evant to our approach.

There are several approaches to learning qualitative mod-
els from data. Most of that work is concerned with learning
QDE (Qualitative Differential Equations) models. Examples
of such approach are programs GENMODEL (Coiera 1989;
Hau and Coiera 1997), MISQ (Ramachandran, Mooney,
and Kuipers 1994; Richards, Kuipers, and Kraan 1992),
QSI (Say and Kuru 1996), QMN (Dzeroski and Todorovski
1995), LAGRANGE (Dzeroski and Todorovski 1993), LA-
GRAMGE (Todorovski 2003) and methods using ILP (In-
ductive Logic Programming) to induce such models (Bratko,
Muggleton, and Varšek 1991; Coghill, Garrett, and King
2002; Coghill, Srinivasan, and King 2008). In this paper we
only consider learning qualitative models of static systems,
for which Padé (Zabkar et al. 2010) and QUIN (Suc and
Bratko 2001; Suc 2003; Bratko and Suc 2003) are the most
appropriate algorithms. The main difference between the
two is that Padé computes quantitative and qualitative partial
derivatives in every example point, whereas QUIN computes
the degree of consistency of a subregion of numerical data
with every possible qualitative monotonicity constraint. An-
other important difference between the two is that QUIN is
limited to building classification trees, whereas Padé can be
used with any general-purpose machine learning algorithm.

The proposed Active Padé method belongs to the area
of pool-based active learning, in which label queries are
selected from a large pool of unlabeled examples (Set-
tles 2009). There are several approaches tackling this
problem, including uncertainty sampling (Lewis and Gale
1994), query-by-committee (Seung, Opper, and Sompolin-
sky 1992), variance reduction (Cohn, Atlas, and Ladner
1994), estimated error reduction (Roy and McCallum 2001)
and expected model change (Settles, Craven, and Ray 2008).
Our approach is different from the aforementioned ones in
that, it does not compute a certain measure (e.g., uncertainty,
error reduction) for a single unlabeled example, but instead
computes Pearson’s χ2 in each leaf of the qualitative tree
and chooses the one with the lowest value. In the region
described by the leaf, the method demands the most appro-
priate pair of unlabeled examples from this region according
to the assumptions of Padé.

3 Padé Parallel Pairs
Padé is a set of methods for qualitative learning proposed
by (Zabkar et al. 2010), which estimate partial derivatives
of the target function from training data and use them to
induce qualitative models of the target function. All the
methods are based on linear regression within local neigh-
borhoods to compute the partial derivatives. Padé differs
from other approaches, because it uses a two-step approach
to induction of qualitative models. In the first step Padé es-
timates a partial derivative at each point covered by a learn-
ing example. Then it replaces the label of example by the
sign of the corresponding partial derivative. In the second

step, a general-purpose machine learning algorithm is used
to generalize from this relabeled data, resulting in a qualita-
tive model describing the function’s behavior over the entire
domain. In this paper, we will look at one particular method,
parallel pairs, and use it as a basis for developing a new ac-
tive learning method on top of it.

Let (x, y) denote a learning example, where x =
(x1, x2, . . . , xn) represents the values of all attributes and
y represents the value of the unknown sampled function,
y = f(x). Without loss of generality, let us assume that
we are trying to estimate the partial derivative of f w.r.t x1,
∂f/∂x1, at point x0.

The parallel pairs method defines the neighborhood of
x0, N (x0), as the κ nearest examples of x0. The points
in N (x0) thus fall into a small hyper-sphere around x0 and
we can assume that xsi ≈ x0i, ∀i ∈ {1, . . . , n}, for each
example (xs, ys) in N (x0).

According to Taylor’s theorem, a differentiable function
is approximately linear in the neighborhood of x0:

f(xs) = f(x0) +∇f(x0) · (xs − x0) +R2, (3)

where∇f(x0) represents the vector of partial derivatives of
f at point x0 that we are trying to find and R2 represents the
remainder term. We can solve this task using linear regres-
sion by rephrasing (3) as a linear model:

ys = β0 + βT (xs − x0) + εs, ∀(xs, ys) ∈ N (x0), (4)

where the task is to find β (and β0) with the minimal sum of
squared errors εs over N (x0).

Let us now consider a pair of examples (xs, ys), (xt, yt)
from N (x0), which are approximately aligned with the x1

axis, i.e., ‖xs − xt‖ ≈ |xs1 − xt1|. If we substitute xs and
ys with xt and yt in (4), respectively, and subtract it from
the same equation, we get:

ys − yt = βT (xs − xt) + (εs − εt). (5)

Since we selected xs and xt such that |xs1−xt1| � |xsi−
xti| for all i > 1 and if we also assume that partial deriva-
tives with regard to different arguments (and hence coef.
βi) are comparable in size, we get that |β1||xs1 − xt1| �
|βi||xsi−xti| for all i > 1. We can thus omit all dimensions
but the first one from the scalar product in (5):

ys − yt = β1(xs1 − xt1) + (εs − εt) (6)

or
y(s,t) = β1x(s,t)1 + εs,t, (7)

where y(s,t) = ys − yt and x(s,t)1 = xs1 − xt1. The
difference ys − yt is therefore linear with the difference in
the attribute values xs1 and xt1. Coefficient β1 approximates
the derivative ∂f/∂x1(x0).

To compute the derivative using (6), we compute the
alignment α of each pair of examples (xs, ys), (xt, yt) from
N (x0) with the x1 axis using a scalar product with the base
vector e1:

α(s,t) =
∣∣∣∣ (xs − xt)Te1

‖xs − xt‖‖e1‖

∣∣∣∣ = |xs1 − xt1|‖xs − xt‖
. (8)
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We select the k best aligned pairs from κ points inN (x0)
and assign them weights w corresponding to the alignment,
i.e., the bigger the alignment the bigger the weight:

w(s,t) = e−(1−α(s,t))
2/σ2

, (9)

with the parameter σ2 fitted so that the smallest weight
equals 0.001.

The derivative ∂f/∂x1(x0) = β1 is then computed using
univariate locally weighted linear regression:

β1 =

∑
(xs,xt)∈N (x0)

w(s,t)(xs1 − xt1)(ys − yt)∑
(xs,xt)∈N (x0)

w(s,t)(xs1 − xt1)2
. (10)

4 Active Learning with Padé
In the previous section we saw how the Padé parallel pairs
method uses pairs of examples aligned with the axis of
derivation in the local neighborhood of the given point to
approximate the partial derivative in this point. It assumes
that all the training points are given and fixed and tries to
find k best aligned pairs in each local neighborhood of the
points. However, if we put this method in the context of ac-
tive learning, we are given the option of choosing for which
unlabeled examples we want to make label queries.

The intuition for the new active learning method is there-
fore the following: make label queries for the pairs of ex-
amples that are close to each other and well aligned with the
axis of derivation. Then use the parallel pairs method to
compute the partial derivatives in these points.

4.1 Outline of the algorithm
We developed a new active learning method named χ2 that
makes label queries about unlabeled examples in the afore-
mentioned way. In this section we will present the outline of
the proposed method.

Let U be the set of currently unlabeled examples, L the
set of currently labeled examples and Q the set of currently
qualitatively labeled examples. Let i be the iteration counter.
Without loss of generality, let us assume that we are com-
puting the partial derivative ∂f/∂x1. The Active Padé algo-
rithm is the following:

1 i← 0
2 while i < init iter do
3 choose a good pair of examples xs,xt among all ex-

amples in U and make queries for their respective la-
bels ys, yt

4 remove the newly labeled examples (xs, ys) and
(xt, yt) from U and add them to L

5 compute the partial derivative ∂f/∂x1 along the pair
of points (xs, ys) and (xt, yt)

6 relabel both examples with the sign of ∂f/∂x1 and
add them to set Q

7 use Q to train the classification tree model Ti in the
current iteration

8 i← i+ 1
9 end while

10 while i < max iter do
11 compute the reliability of each leaf of Ti−1 (class.

tree from the previous iteration) using Pearson’s χ2

test statistic

12 select all unlabeled examples U` that fall into the most
unreliable leaf `

13 choose a good pair of examples xs,xt among the ex-
amples in U` and make queries for their respective
labels ys, yt

14 remove the newly labeled examples (xs, ys) and
(xt, yt) from U and add them to L

15 use the Padé parallel pairs method on set L to obtain
the current set of qualitatively labeled examples Q

16 use Q to train the classification tree model Ti in the
current iteration

17 i← i+ 1
18 end while

The presented algorithm consists of two parts, the initial-
ization loop (first while loop) and the main loop (second
while loop). We present the details in sections 4.2 and 4.3,
respectively.

4.2 Initialization loop
The first loop of Active Padé algorithm (lines 2-9) is called
the initialization loop, because it serves as a preparation
stage for the later main loop. Its length is controlled by the
init iter parameter.

The initialization loop differs from the main loop in that it
does not use the classification tree model Ti−1 from the pre-
vious iteration as an input in deciding for which unlabeled
examples to make label queries in the next step. Instead,
it chooses good pairs of examples from the whole pool of
unlabeled examples.

The example choosing process described in line 3 starts
by creating a buffer B with all unlabeled example pairs and
their corresponding alignments with the x1 axis. Instead of
computing the alignment of all pairs of examples in U , we
only consider pairs of examples that are close to each other.
We enforce this by iterating over all remaining unlabeled ex-
amples xu and only computing the alignment of pairs xs, xt
that lie in N (xu). The size of N (xu) is controlled by the
parameter κinit. Only computing the alignments of pairs
that are close to each other gives us two advantages. The
first one is that this reduces the amount of alignment com-
putations from O(|U|2) to O(κinit |U|). The second one is
that this keeps the pairs in accordance with the locality prin-
ciple inherent in the computation of partial derivatives with
the parallel pairs method.

The alignment α of each example pair xs, xt in B is com-
puted as in (8). The weights w of each pair are computed as
follows:

w(s,t) = (1− α(s,t))−2/wmax, (11)

where wmax is set so that the biggest weight equals 1.0.
Note that this time we use a different formula to compute
the weights. The formula from (9) is more lenient with
pairs with lower alignment, while the formula from (11) pe-
nalizes misaligned pairs more severely. We want this type
of weights to increase the probability of selecting a well
aligned example pair.

Next we normalize the weights of all example pairs in B
so that their sum equals 1. We would like to make a weighted
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random choice of the next example pair from B for which to
make the label query.

Let us define a discrete random variable B that takes
example pairs from B as its values and define P (B =
xs,xt) = w(s,t). Using the Inversion by sequential search
algorithm described in (Devroye 1986), we make a random
sample of size 1 fromB. The obtained value ofB is the pair
of examples xs,xt ∈ U for which we make label queries in
the current iteration of the χ2 method to obtain their respec-
tive function values ys, yt. Examples (xs, ys), (xt, yt) are
then removed from U and added to L.

In line 5 we compute the partial derivative ∂f/∂x1 along
the newly labeled pair of points (xs, ys), (xt, yt). Because
the labeled examples in the initialization loop occur in pairs
that are few and far between, we set the neighborhood of
each example to only include itself and the other example of
the pair, i.e., N (xs) = N (xt) = {(xs, ys), (xt, yt)}. This
simplifies the computation of β1 in (10) to:

β1 =
(xs1 − xt1)(ys − yt)

(xs1 − xt1)2
. (12)

The computed β1 is the approximation of both
∂f/∂x1(xs) and ∂f/∂x1(xt).

In the next step (line 6), we relabel both examples
(xs, ys), (xt, yt) to (xs, q), (xt, q), where q ∈ {+,−} de-
notes the sign of the computed partial derivative β1, and add
them to the set Q.

Lastly, we use Q to train the classification tree model Ti
(Quinlan 1993) at the current iteration and increment the it-
eration counter i by 1 (lines 7-8).

4.3 Main loop
The second while loop of the algorithm (lines 10-18) is
called the main loop. As mentioned in the previous sec-
tion, its main difference with the initialization loop is that it
uses the classification tree Ti−1 trained in the previous iter-
ation as an input in deciding for which unlabeled examples
to make label queries in the current step.

We start by computing the reliability of each leaf ` of Ti−1

using Pearson’s χ2 test statistic (line 11). Let Q` be the
set of qualitatively labeled examples that correspond to leaf
`. Let O+ and O− be the frequencies of examples in Q`
that have labels + and −, respectively. Let us define E+ =
E− = Q`/2. The value of Pearson’s χ2 test statistic X2 for
` can then be computed as:

X2 =
(O+ − E+)2

E+
+

(O− − E−)2

E−
, (13)

whereO+ andO− represent the observed frequencies of ex-
amples with labels + and −, respectively. Labels E+ and
E− represent the expected frequencies of examples with la-
bels + and −, respectively. The value of X2 asymptotically
approaches the χ2 distribution.

Pearson’s χ2 is, among other things, used to test the good-
ness of fit, which establishes whether or not an observed fre-
quency distribution differs from an expected distribution. In
our case, we set the expected frequency distribution to be
<Q`/2,Q`/2>, i.e., we expect half of the examples from `
to have label + and half of them to have label −.

The null hypothesis of this test states that the frequency
distribution of examples observed in a sample (leaf `) is
consistent with the given expected (theoretical) distribution
(<Q`/2,Q`/2>). A higher value of X2 from (13) therefore
corresponds to a stronger rejection of the null hypothesis.

This gives us a criterion for evaluating the reliability of
leaves from Ti−1. We define the reliability ρ of leaf ` as:

ρ` = X2, (14)

where X2 represents the value of Pearson’s χ2 test statistic
as computed in (13). Leaves with a higher value of ρ will
more strongly reject the null hypothesis, while leaves with a
small value of ρ may not be able to reject it at all.

If we now look back at how we defined the expected fre-
quency distribution, we can interpret the null hypothesis in
a new way. We set the expected frequency distribution to
<Q`/2,Q`/2>, which corresponds to the maximally unre-
liable leaf, i.e., a leaf with half of examples belonging to one
class and the other half to the other class. Thus we can in-
terpret the null hypothesis as stating that the frequency dis-
tribution of examples observed in a leaf is consistent with
the expected distribution of the maximally unreliable leaf.
Therefore, the leaves that have a higher value of ρmore sub-
stantially differ from the maximally unreliable leaf, while
the leaves with a small value of ρ may not differ from it at
all.

In line 12 we select the most unreliable leaf ` as the one
with the lowest ρ value. Then we create a set U` with all
the remaining unlabeled examples that correspond to the se-
lected leaf `.

The selection of a good example pair in line 13 is akin to
the one in line 3. The only difference is that now we do not
consider all the examples from U , but rather only focus on
the ones in U`.

After selecting a good pair of examples xs,xt from U`,
we query for their respective labels ys, yt, remove them from
U and add them to L.

The next step (line 15) uses the Padé parallel pairs
method described in section 3 to compute the partial deriva-
tives ∂f/∂x1 in the points from L. Here we introduce a new
parameter, η, which regulates the parameter κ of the paral-
lel pairs method in relation to the current size of L. We set
κ = dη |L|e. Since κ controls the size of the neighborhoods
for computing partial derivatives, this means that we incre-
mentally increase the neighborhood size as the number of
labeled examples in L increases. To avoid senseless neigh-
borhoods of size 1, we further enforce that κ ≥ 2.

After computing the partial derivatives, we relabel all ex-
amples (x, y) from L to (x, q), where q denotes the sign of
the computed partial derivative β1 from (10), and add them
to the set Q.

Identically to the lines 7-8 of the initialization loop, we
use Q to train the classification tree model Ti at the cur-
rent iteration and increment the iteration counter i by 1 in
lines 16-17.
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5 Experiments
To estimate the empirical performance of the proposed al-
gorithm, we conducted a set of experiments on an artifi-
cially constructed problem. We used the function f(x, y) =
x2− y2, which is a standard test function used in (Zabkar et
al. 2010) and (Suc 2003).

Its partial derivative w.r.t x is ∂f/∂x = 2x, so f =
Q(+x) if x > 0 and f = Q(−x) if x < 0. Since the func-
tion’s behavior with respect to y is similar, we only observed
the results for ∂f/∂x.

To create the data set, we sampled the function f(x, y) =
x2−y2 in 2000 points chosen uniformly at random from the
range [−10, 10]× [−10, 10]. The data set was then split into
a training set of 1000 points and a testing set of 1000 points.

Since we are only interested in the qualitative behavior
of the given function, i.e., the sign of the partial derivative
∂f/∂x (qualitative derivative), we relabeled all the testing
points with the analytically computed qualitative derivatives
in the given points. Therefore, all the points with x > 0 were
relabeled with a + and all points with x < 0 were relabeled
with a −. We define the accuracy of the learned models as
the proportion of testing examples with correctly predicted
qualitative derivative.

All the points from the training set had their function
value removed and were given to the pool of unlabeled ex-
amples.

We compared Active Padé with different parameter set-
tings against choosing examples at random, which served
us as the baseline for our experiments. For obtaining the
accuracy of random choosing, we repeated the following
three steps every time the set of labeled training examples
increased by five:

1 use the Padé parallel pairs method to compute the qual-
itative derivatives for the current set of labeled examples
L producing the current set of qualitatively labeled ex-
amples Q

2 use Q to train the classification tree T at the current
iteration

3 use T to predict the qualitative derivatives in the points
from the testing set to get the final accuracy

In the parallel pairs method, we set κ = k = 20, as this
parameter settings were shown to perform well in an exten-
sive set of experiments conducted in (Zabkar et al. 2010).

For Active Padé, we set η = 0.2 and k = κ , i.e., k
and κ equaled 20% of the size of the data set of currently
labeled examples. The init iter parameter, which controls
the length of the initialization loop, was set to 5 and 10.
We also tried other values of the init iter parameter, but
omitted them from the following figures for better clarity of
the results, since they did not differ a lot from values of 5
and 10.

Throughout all the methods, we used the classification
tree induction algorithm C4.5 as reimplemented in the Or-
ange data mining software (Demsar et al. 2004) with the
following custom parameter settings: minSubset = 5,
maxDepth = 3 and maxMajority = 0.9. All other pa-
rameters were left at their default values.

For evaluating the performance of the methods, we con-
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Active Padé with init iter = 10

random

Figure 1: Average test set accuracy for different values of the
init iter parameter of the Active Padé method and random
choosing.

structed learning curves that depict how the accuracy of the
models change with the increased number of labeled exam-
ples. This is a standard way of evaluating active learning
methods also used in (Roy and McCallum 2001), (Guo and
Greiner 2007) and (Settles, Craven, and Ray 2008).

To obtain the learning curve for each method, we mea-
sured the accuracy of the current model every fifth time af-
ter adding a new example to the labeled set. All the learning
curves presented in the following figures represent averages
of 10 trials.

Contrary to other evaluations of active learning methods,
in our case, the methods were initially not given any labeled
examples.

Each figure also contains a solid gray line showing the
maximum possible accuracy achieved by using Padé paral-
lel pairs method with κ = k = 20 on the wholly labeled
training data set (and using a classification tree afterwards
to build the final model).

5.1 Accuracy
We measured the accuracy of Active Padé with several set-
tings of parameters on data without noise. The comparison
is shown in Fig. 1.

Active Padé performed quite well, reaching the accuracies
above 90% after only 15 labeled examples, almost doubling
the accuracy of random choosing after the same amount
of labeled examples. They retained this gap until random
choosing reached the same level of accuracy after 30 labeled
examples.

We can also observe a small performance hit in all vari-
ants of Active Padé. For the method with init iter = 10,
this happens after switching from the initial loop to the main
loop after 20 labeled examples. Note that on each iteration
of our method, the algorithm makes label queries for two
new unlabeled examples. Thus, after completing 10 itera-
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Figure 2: Average test set accuracy for different values of the
init iter parameter of the Active Padé method and random
choosing after adding 5 irrelevant attributes.

tions, the method has collected 20 labeled examples. How-
ever, for the method with init iter = 5, this phenomenon
does not happen after 10 labeled examples, as we would
have expected, but rather after collecting 15 labeled exam-
ples. As of yet, we cannot explain this small drop in accu-
racy. Also, this drop in accuracy is almost negligible. All in
all, Active Padé with init iter = 5 performed best on this
data set. All the methods were evened out after about 50
labeled examples.

5.2 The effect of Irrelevant Attributes
Many real-world data sets include a large number of at-
tributes that do not effect the function value. The following
experiment shows how these irrelevant attributes effect the
evaluated active learning methods.

We sampled the function f(x, y) = x2 − y2 as described
above, with the difference that this time we added 5 ran-
dom attributes sampled from the same interval as x and y,
[−10, 10], to the domain. Figure 2 shows the learning curves
for this case.

The first thing we noticed is that the methods needed a lot
more labeled examples to reach the same level of accuracy
as before. Both Active Padé methods needed more than 150
labeled examples to reach accuracies above 90% as opposed
to only needing 15 examples to reach the same level of ac-
curacy before (Fig. 1). The random choosing did not reach
accuracy above 90% after 200 labeled examples.

The observed behavior is due to the fact that finding pairs
of unlabeled examples parallel to the axis of partial deriva-
tion becomes increasingly harder after inflating the dimen-
sionality of the attribute space by adding more irrelevant at-
tributes to the data set. Similarly, adding more dimensions
to the attribute space also effects the random choosing. In-
stead of uniformly sampling 2 dimensions (namely x and
y), it now samples 7 dimensions. Thus the probability of
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Figure 3: Average test set accuracy for different values of the
init iter parameter of the Active Padé method and random
choosing after adding random noise distributed asN (0, 102)
to the function value.

choosing good example pairs parallel to the axis of partial
derivation also decreases.

Secondly, Active Padé again remained ahead of random
choosing. Both were very good at the beginning and reached
accuracies of 78.3% and 79% after only 50 labeled exam-
ples. Meanwhile, random choosing needed more than twice
as many examples to reach the same level of accuracy. The
gap between our method and random choosing eventually
became smaller and practically vanished after 200 labeled
examples. Also worth noting is that the methods never
reached the maximum possible accuracy of 97.8%.

5.3 Coping with Noise
Noise in the function value is also a common thing in real-
world data. In this experiment we simulated such situation
by adding a certain amount of noise to the function value.

The target function is f(x, y) = x2 − y2 defined on
[−10, 10] × [−10, 10], which puts f in range [−100, 100].
We added Gaussian noise with a mean of 0 and standard de-
viation of 10, i.e., distributed as N (0, 102), to the function
value. The results are shown on Fig. 3.

The first thing to notice is that applying random noise to
the function value did not have dramatic effects on the per-
formance of any method. In fact, the performance of random
choosing did not change at all from the one on Fig. 1, while
Active Padé is affected to various degrees depending on the
parameters’ settings.

Again, Active Padé performed better than random choos-
ing at the beginning. The one with init iter = 5 only
needed 20 labeled examples to reach accuracy above 90%,
while random choosing reached the same level of accuracy
after 30 labeled examples. After 40 labeled examples, all the
methods were practically evened out.

Similarly to the first experiment (Fig. 1), Active Padé ex-
perienced a drop in accuracy after 20 labeled examples. The
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drop occurred when Active Padé was already in the main
loop, meaning that the neighborhood size (κ) increased from
4 to 5 (recall that η = 0.2) labeled examples. This appar-
ently effects the computation of partial derivatives with the
parallel pairs method and subsequently causes a drop in ac-
curacy of the final qualitative model.

In this experiment, Active Padé with init iter = 5 out-
performed the one with init iter = 10. This shows that, in
the case of noise in the example labels, it is better to switch
to the main loop as soon as possible. The reason for this
lies in the way examples are qualitatively relabeled in the
initialization loop and in the main loop. In the first case, the
examples always retain the same qualitative label and newly
added example pairs do not effect the previously computed
labels. However, in the second case, qualitative labels for all
the labeled examples are recomputed on each step. Thus, by
adding more example pairs to the labeled data set, we help
to improve the accuracy of the computed qualitative labels
on the whole data set.

6 Conclusion and Future Work
We have proposed a new approach to learning qualita-
tive models, namely active learning of qualitative models,
by combining a traditional approach to learning qualita-
tive models from numerical data with the active learning
paradigm. Building on the Padé parallel pairs method, we
developed a new method for active learning of qualitative
models called Active Padé. It uses Pearson’s χ2 test statistic
as a heuristic for deciding which subspace of the unlabeled
pool of examples to explore next.

For empirical evaluation of the proposed method, we con-
ducted a set of experiments on an artificially generated data
set f(x, y) = x2 − y2. We compared our algorithm with
various parameter settings to random choosing of unlabeled
examples. When applied to data without noise and without
irrelevant attributes, Active Padé significantly outperformed
random choosing, needing only half as many labeled exam-
ples to reach the accuracies above 90%.

To make the learning task a bit harder, we added five ir-
relevant (random) attributes to the data set and observed the
results. This time all the methods needed a lot more learn-
ing examples to reach the accuracy of the Padé parallel pairs
method learned on the wholly labeled training data set. The
lead of Active Padé was bigger at the beginning and slowly
dissolved as the number of labeled examples increased.

In the last experiment, we studied the effect of random
Gaussian noise applied to the function value. Interestingly,
it did not effect the random choosing at all, while the perfor-
mance of Active Padé slightly decreased. Due to the differ-
ent nature of qualitative relabeling of examples in the initial-
ization loop and the main loop, it is better to set the init iter
parameter to a lower value so that Active Padé switches to
the main loop sooner.

All in all, the results are promising and we believe our ap-
proach is also applicable to other, more complex domains,
which include both irrelevant attributes and noise in the class
value. We intend to prove that by performing a comprehen-
sive set of experiments on real-word data sets in the future.
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