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We partitionthe time-line in differentways, for example,into minutes,hours,days, etc.
When reasoningaboutrelationsbetweeneventsand processesve often reasonabouttheir
locationwithin suchpartitions. For example,x happenedresterdayandy happenedoday
consequentlyr andy aredisjoint. Reasoningaboutthesetemporalgranularitiesso far has
focussedn temporalunits (relationshetweemminute, hour slots). | shallarguein this paper
thatin ourrepresentationandreasoningproceduresve needinto accounthateventsandpro-
cessesftenlie skaw to thecellsof our partitions(For example,'happeneg/esterdaydoesnot
meanthatz startedat12 a. m. andended0 p. m.) This hasthe consequencthatour descrip-
tions of temporallocationof eventsandprocesseareoftenapproximateandroughin nature
ratherthanexactandcrisp. In this paper describerepresentatioandreasoningnethodshat
take the approximatecharacteof our descriptionsandtheresultinglimits (granularity)of our
knowledgeexplicitly into account.

Keywords: ApproximateReasoningQualitatve ReasoningTemporaRelations Granularity
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1. Introduction

Formal systemsthat supportreasoningaboutcalendarunits and clock units are
calledtemporalgranularitieg3]. Suchsystemshave beenthe subjectof intensve re-
searchin recentyears,e.g.,[2,27,12]. Thesesystemgrovide foundationsfor taskand
processnanagemeritl9,13,18] for work on databassystemg20], on (geographic)n-
formationsystemq23], andthey arerelevantalsoin mary otherdomains.Essentially
temporalgranularitiesdescribewaysof partitioningthe time-line andmethodsfor rea-
soningaboutcells within the partitionswhich result. Examplesof partitionsare: the
partition of the time-line into fifteen minute slots producedby your favorite calendar
application,or the partition of the time-line createdby the successiomf updateopera-
tions of somedata-basesystem.Partitionsof the time-line canberough. Considerfor
example,the partition with cells labeled'before World War 2’, ‘during World War 2’,
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‘after World War 2. (In whatfollows | usethe termscalendarpartition, db-partition
andWW?2-partitionin orderto referto theseexamples.)

A critical assumptiorunderlyingmostformal systemsealingwith temporalgran-
ularitiesis thatthe boundariegbeginningsandendings)of the eventsandprocessesve
wantto represenaremadeto coincidewith the boundariedetweerthe partition cells
within therepresentatiorf-or example,if we planameetingwithin the partitioncreated
by our calendampplication thenthe beginningandendingof the meetingmustcoincide
with the beginning andendingof the availablefifteen minuteslots. | shallarguebelov
thatthis assumptiormasksa deep-runningoroblem,which cannotbe resohed merely
by choosinga finer resolution(e.g.,five minuteslots). Rathey onemustgive up the as-
sumptionthatboundarie®f eventsor processeseedto coincidewith theboundarie®f
partitioncellst. Thisresultsin appioximateratherthanexactrepresentationsf thetem-
porallocationsof eventsandprocesseslin this paperl will presenformal methodsfor
the approximaterepresentationf eventsandprocessewith respecto partitionsof the
time-line. | alsopresenformal meando derwve relationsbetweereventsandprocesses
capturedn approximateepresentations.

The paperis structuredasfollows. It startswith a discussiorof relationshipse-
tweeneventsandprocesseandpartitionsof the time-line. In Section3 qualitative re-
lations betweentemporalregions are defined. Theserelationsare then generalizedo
relationsbetweerapproximation®f eventsandprocessewiith respecto anunderlying
partitionin Sections4-8. In Section9 the relationshipsetweernthe notionsof approx-
imationandgranularitywill be discussedswell aslimits andpotentialapplicationsof
the proposedormalism.

2. Reference and approximation

Partitions of the time-line are usedboth as framesof referenceand asthe basis
for approximationsin orderto understandherelationshipsbetweenthesetwo useswe
needto understandhe relationshipsbetweeneventsandprocessesn the onehandand
our partitionsof thetime-lineon theother

2.1. Tempoal granularities

Temporalgranularitiesdescribeways of partitioning the time-line and ways in
which suchpartitionscanbeusedasframesof reference Examplesof partitionsdealing

! Similar pointsweremade for example,in [17] and[11] from a differentperspectie.
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asframesof referencarethecalendaipartition,thedb-partition,andthe WW2-partition
mentionedabore. We usethemin expressiongike ‘We will meeton Mondaymorning
at8 a.m. or ‘The meetingwill take onehour’, or ‘Thereareweresereralchangesince
thelastupdate’,or ‘Berlin wasthe cultural centerof Europebetweerthe World Wars'.

The time-line, (7, <7), itself is conceved as the totally orderedclassof time
points,i.e., the classof all possibleboundarief temporalregions,forming a directed
one-dimensionaspace[33,25]. Usuallyit is assumedhat the time-lineis isomorphic
to the real numbersreflectingthe intuition that boundariescan be locatedanywhee.
Given the point-basedview of the time-line, temporalintenals (topologically simple
one-dimensionalegions)canbe representethy orderedpairsof boundarypoints[24].
Temporalintenals, in general,are suchthat eachintenal hasproperparts. In those
domainsthereareno atomictemporalintenals.

A partition of the time-line is a setof time intenals (cells) that do not overlap
but sumto the whole time-line. In oppositionto the time-line itself, partition cells are
countable,and so humanbeingscan namethem. One way of hamingthem consists
in assigninginteger numbersto themin sucha way that the orderingof the integers
correspondgo the orderingof the underlyingtime-line: for example,your computer
internally countsthe secondghat have passedy since Januarylst 1970in orderto
give you thetime. Partitionshave differentgranularitiesandthey canbe hierarchically
organizedn virtue of thefactthatsomepartitionsincludeothers.This occurswheneer
thecellsof afinerpartitionsubsumehecellsof partitionsatacoarsetevel. Forexample,
afifteenminuteslotin your calendamight be subsumedby threefive minuteslots. (For
a detaileddiscussiorsee[41].) Every partition hasminimal cells, i.e., cellsthatdo not
have (proper)subcells.For exampleminimal cellsin your calendamay be five minute
slots. This, however, doesnot meanthattheredo not exist eventsthat are shorterthan
five minutes.This doesonly meanthatyour calendardoesnot care’aboutthoseevents.

Theseintuitions about the time-line and its partitions were formalized in the
granularity-modeproposedn [3]. Moreover, thismodeltakesspeciakindsof partitions
into accountjncluding partitionswith holesor gaps partitionsdeterminedy attributes
suchasworking days,holidays,andsoon, andpartitionswith cellsof differentsizes.

2.2. Occurrentsand partitions

In this paperwe considereventsand processesuchas'Y our meetingwith your
bosson Mondaymorningfrom 8 a.m.to 9 a.m. in heroffice’, ‘My childhood’,"World
War 2’, ‘AAAI-2000’. Following [38] | call suchspatio-temporabbjectsoccurents
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Every eventor processy, is locatedat a region of time, ¢, boundedby the beginning
andthe endof its existence,.e.,t = 7(0). Occurrentshave temporalparts,which are
occurrentshemseles,andwhich arelocatedat partsof the temporalregionsat which
theirwholesarelocated.

Considemow occurrentsandtheir temporallocationwith respecto partitionsof
thetime-line. Thisrelationshipcanbe describedn termsof relationsbetweerthe exact
temporalregion of a given occurrent;r (o), andthe cells of the correspondingpartition.
For example,we candescribethe temporallocation of your meetingwith your boss,
relatve to the abose-mentionedpartition of the time-line into fifteen minute slots, by
sayingthatthe temporallocation of this occurrent,r (o), is identicalto the sumof the
four consecutie cellsbetweer8 a.m.and9 a.m.

Considerour threeexamplepartitions:calendapartition, db-partition,andWW2-
partition. For eachof thesepartitionswe have a numberof occurrentsvhosetemporal
locations,7(0), canbe exactly representedvith respecto one of thesepartitions(As
in the caseof your meetingwith your boss).Exactrepresentatiom this context means
thatthe boundarie®f theseeventscoincidewith boundarief correspondingpartition
cells. More precisely we cansaythatthe temporallocation, 7(0), of suchoccurrents
is identicalto somemereologicalsum of partition cells. The majority of occurrents,
however, cannotbe representedxactly with respectto partitionsin this way. This is
becauseheir beginningsandendingsdo not coincidewith the beginningsandendings
of partition cells. Considey for example,the location of the beginning of the German
carnial seasonvhichoccurseveryyearonNovemberllthat11lo’clock andl1lminutes.
Thisboundanyies skew to theboundarie®f thetime-slotsof your calendadividedinto
15-minuteslotsthat startat eachfull hour Consequentfythe locationof the occurrent
‘Carnival seasor2001’ cannotbe represente@xactly with respecto the partitionsof
suchcalendarsOnecaneasilyseethatmostoccurrentandmostpartitionsstandin this
kind of relationship.This is becausenosteventsandprocessesccurindependentlyf
our partitioningactuity. (This holds,too, of mostmeetingswith yourboss.)

We have two ways of dealingwith this issue: (1) Wheneer we want to usea
partitionasa frameof referencene canconstructanad hoc partition of sucha sortthat
the occurrentswe refer to arelocatedexactly at somecorrespondingumsof partition
cells. This canbeachieved, for example,by choosingpartitionswhich aresuchthatthe
occurrentf interestare partsof the partition, e.g., ‘before the occurrentof interest’,
‘during the occurrentof interest’, ‘after the occurrentof interest’,etc 2. Anotherway

2 More complex forms of partitionsof this sortare often usedin Geographidnformation Systems.Parti-
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is to refinepartitionsuntil the occurrentof interestcanbe representedxactly, e.g.,by
switchingfrom hoursto minutes,from secondgo nano-secondgndsoon. Or (2) we
usean approximationtheoreticapproachand describetemporallocationandextension
approximatelyratherthanexactly For example we saythatthe Germancarnival season
beaginsatsometime betweenlla.m.and11.15a.m.,i.e.,thatit occupiesonly a partof
the correspondingime slot.

Obviously (1) is preferable Unfortunatelyit is notalwayspossibleto constructor
to usepartitionsin thatsense(a) An importantadwantageof theuseof familiar calendar
like partitionsasframesof references thatsuchpartitionsdo not change andthatthey
canbere-usedn differentcontets involving in independengventsandprocessewhich
may needto be synchronized.Framesof referenceare, by definition, relatvely stable
over time. Constructingpartitionson the fly asoccurrentsoccuris thusinappropriate.
(b) It is oftennot possibleto refinepartitionsasneededpur measuringnstrumenthave
only afinite resolution.(c) Oftenwe do notknowwhencertaineventsexactly occur;for
example,l know that my bosscameto talk to me during my lunch break,but I do not
know exactly whenshearrived or whensheleft.

Assumingtherelative stability of the sortsof partitionsof the time-linewe useas
framesof referencewe candistinguishtwo different classesof occurrentsaccording
to thewaysthey behae with respecto suchstablepartitions: bonafide occurrenton
the onehand,andfiat occurrentspn the other Consideragainyour meetingwith your
boss.It wasscheduledor Mondaymorningandhada correspondingneatentryin your
calendarTheplannedmeetingstartsandendsin exactly thewayin whichit is enteredn
your calendar The actualmeeting,on the otherhand,startsat a time which depend®n
whenpeopleactuallyshav up andwhenthe bossdecidego endit. It is very important
to noticethatwe have two distinctoccurrentshere: (1) the occurrentPlannedmeeting
with the boss’thatis at homein the realm of calendarsand schedulingapplications,
and(2) theactualmeetinginvolving actualpeopleandtheir actvities of drinking coffee,
standingabout,rolling their eyes,etc.

The plannedmeetingis a fiat occurrent This meansthatit is definedby its fiat
boundarieswhich are the result of humanconceptualizatioj39,40]. Humanbeings
have completecontrol over the temporallocationof suchfiat occurrentsthey can,pro-
vided they actearly enough,postponeand cancelthemat will. In particularsuchfiat
occurrentsanbescheduledn suchawaythattheirboundariesoincidewith thebound-

tions arerefinedin stepwisefashionby addingmoreandmore occurrents.If two objectsoverlap,then

their overlapforms a separateell. This procesof constructinga partitionis calledspatialenforcement
[31].
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ariesof cellsof somepartitionof thetime-line3: the plannedmeetingstartsexactly at 8
a.m.andendsexactlyat9 a.m.

Theactualmeetingin contrastjs abonafideoccurent Thismeanghatit existsto
a significantdegreeindependentlyof humanconceptualizatiofi39,40]. This occurrent
involvespeopleandtheir actions.You cangetfired duringa meeting you canarrive too
latefor ameeting,or you may have to leave it early

Noticethatthedistinctionbetweerbonafide andfiat occurrentsloesnotimply that
all fiats coincidewith the boundarief our partitionsandthatall bonafide occurrents
lie skew to them. Oftenbonafide occurrentsarethemselescells of our partitions(for
examplein caseof the WW2-partition). On the other handthereare fiat occurrents
that lie skew to the boundariesof our partitions,for example, the fiat occurrent'the
secondfive minutesof the plannedmeetingwith the boss’lies skew to the boundaries
of your calendarpartition which consistsof fifteen minute slots. The point is thatin
the fiat domainwe often have the freedomto placeoccurrentsicely sincewe arein
chage of creatingand placingthem (asin the caseof a plannedmeeting). We often
canadjustthe fiat occurrentgo our referencepartitions. On the otherhandwe often
adjustor createour partitionswith respectto bonafide occurrentsf we areableto do
so (asin the caseof the WW2-partition). Otherwisewe represenbonafide occurrents
approximatelyby describingtheir relations(e.g.,full overlapor partial overlap)to the
cellsof somereferencepartition.

Goingdeepeinto thetheoryof bonafide andfiat occurrentgjoesbeyondthescope
of this paper See[39,40F for details. The importantpoint however is that the two
kinds of occurrentsbehae differently with respecto thosepartitionsof the time-line
which we humanbeingsconstruct. Fiat occurrentscan be scheduledin sucha way
thatthey canberepresentedxactly, i.e., their boundariesanbe placedin sucha way
thatthey coincidewith the cell boundarief the appropriatepartition of thetime-line.
(Think of the way you plan your meetings.)Bonafide occurrentspn the otherhand,
behae differently sincethey areindependentf ourhumanconceptualizationThey are
affectedby climateandthe moodof the participantspy the punctualityof the transport

3 Fiat occurrentscanof coursebe scheduledilsoin suchaway thattheir boundariesio not coincidewith
regular partitionsof thetime-lineasin the caseof the carnival seasoror in the caseof raceswhich begin
with the shootingof the startingpistole.

4 Smith’s theory of bonafide andfiat objectsshaws that the formerly contrarypositionsof realismand
idealismcanbecombinednthebasisof theview thatmary entitiesin reality enjoy independengxistence
but have boundariesvhich dependon our humandemarcations.In this context his work represents
continuationof thatof BrentanoHusserl,andingarden.
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system,andby other internaland externalfactorsnot underour control. Thatis why
they usuallydo not exactly fit into our partitions.

In orderto establisharelationshipbetweerbonafide occurrentsandcalendapar
titionswe needto dealwith approximationsof thetemporalocationsof bonafide occur
rents,ratherthantheir exactlocations(which mayin ary casenot be capableof being
exactly determined).This providesthe motivation for extendingthe granularitymodel
proposedy [3] to take approximationsnto account.

2.3. Approximation

In this sectionl shav thatthe view of partitionsasframesof references a special
caseof approximationln theremaindeiof the paper thenconcentraten the notion of
approximation.

2.3.1.Roughapproximations

The notion of approximationis basedon the definition of an indiscernibility re-
lation with respecto a partition of somedomain. Roughsettheory[35] providesthe
formal foundations. Roughapproximationis basedon approximatingsubsetf a set
whenthe setis equippedwith anequialencerelationthat partitionsthe setasa whole
into equivalenceclassesGivenasetX with apartitionG = {a; | 7 € Z}, anarbitrary
subset C X canbeapproximatedy afunctiony, : Z — {fo, po,no}. Thevalueof
vp(7) is definedto befo if a; C b, it is no if a; N b = &, andotherwisethe valueis
po. Intuitively fo, po andno areinterpretedas‘full overlap’, ‘partial overlap’ and‘no
overlap’.

Usingthe notion of approximationve thencandefinean equivalence(indiscerni-
bility) relationin the domainof subsetof X: a,b6 C X : a ~ b = ¢, = . The
approximationof a subset is exactif andonly if b is identicalto a unionof elements
a; € G of partitionelementsFormally we canwrite:

exact(py) = Vi : (i) € {fo,no}

Otherwisethe approximatioris calledrough In the exactcasethe equivalenceclass[b]
containsasingleelement.

Thereis obviously arelationbetweerthe granularity(resolution)of a given parti-
tion andthe numberof setswe canrepresenexactly andthe ‘roughness’of theapprox-
imation of the othersets.Thiswill bediscussedn Section9.
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2.3.2.Approximationandtempoarl granularities

In [9] and[43] the techniqueof approximationof subsetf a setwasappliedto
regions of spaceby interpretingthe threevaluesfo, po, andno asdifferentdegreeof
spatialoverlap. On the spatialinterpretationthesevaluesmeasurehe extentto which
aregion b overlapswith the cells of the partition of a spatialregion X. In this paperl
considetthe approximatiorof regionsin thetemporaldomainwith the obviousinterpre-
tationof fo, po, andno in aone-dimensionapace.

Partitionsof thetime-linewerehitherousedmainlyto provide aframeof reference
with respectio which temporallocationandextensionweredescribed.From the point
of view of approximationghe time-granularitiesusedin [3] are approximationghat
areexact in the sensethat occurrentshave a temporallocationthatis identicalto the
mereologicaumof correspondingpartitioncells,i.e., Vi : ¢4(i) € {fo,no}.

Giventhe exactnes®f the approximationsy, andyy, onecaneasilyderive qual-
itative relationsbetweerthe (non-empty)ntenalsa andb (assumingo > no):

i:9a(i) = pp(i) implies equala, b)

Vi : pp(i) = fo — @q(i) = fo and3i : 4 ()

Vi : pp(i) = fo — @q(i) = fo and3i : 4 ()

Vi : (pq(i) # N0 Or @y (i) # NO) — (i)
34,5,k 2 pa(i) =

Wu(j) > 90()( ) and(;oa

(2)
wp(2) implies containga, b)
»(i) implies containedByb, a)
)

£

£

7 (i

i) = fo and
)

implies disjoint(a, b)
b (
(k) < pp(k) implies partially overlap(a, b)
Thesefollow immediatelyfrom the definitions. As alreadymentioned thingsbecome
more complicatedwhen multiple framesof referenceare involved [3]. In this paper
I concentrateon a single frame of referenceand| considerthe derivation of relations
betweertemporalregionsgiventheir roughapproximation.

3. Qualitative relations between regions

In this section| define qualitatve relations betweenone-dimensionategions.
Thesedefinitionsarebasedexclusively on the meetoperationandprovide the basisfor
the definition of correspondingelationsbetweerapproximationdateronin this paper
The meetoperationis interpretedasthe overlap of regions. Two regions have a non-
emptymeet(z Ay # L) if andonly if they shareparts(or interior pointsin point-set
topologicalterms). It is importantto stresghatthe sameor similar relationshave been
definedalsoelsavhere,e.g.,[1,21,36,24,15]] usethe notationof RCC from theregion
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connectioncalculusin orderto stresshe correspondencbetweenthe relationsdefined
in this paperandrelationsdefinedby Cohnandhis co-workers. Correspondencia this
context meanghatl amtalking aboutregular regionsthat satisfythe RCC-axiomg36]

andthatsimilar relationscould be definedor have beendefinedin termsof RCC, e.g.,
[36,16,15].1 usesub-andsuperscript$e.g.,RCC? ) wherethe superscriptefersto the
numberof relationsin the denotedsetandthe subscriptrefersto the dimensionof the
regionsandtheembeddingpace.

The contritution of this sectionis the specificstyle of definitionthatallows usto
generalizerelationsbetweentemporalregionsto relationsbetweenapproximationsof
temporalregions. This methodologywas originally proposedn [8] for the definition
of relationsbetweenapproximationsof spatialregions. The usageof the outcomeof
the meetoperation(x Ay = L,z Ay = z, z Ay = y) in orderto definerelationsis
somevhatsimilarto thetechniqueegenhofeusedn hisintersectiormatriceJzAy = L
andz Ay # 1), e.q.,[21].

3.1. Boundaryinsensitiverelations

3.1.1.RCCbrelations

Giventwo regionsz andy, eachboundaryinsensitve topologicalrelation(RCC5
relation)betweerthemcanbedeterminedy consideringhefollowing triple of Boolean
truth values[8]:

(zANy#£ L, zANy=xz, z ANy=1y).

The correspondencbetweensuchtriples and boundaryinsensitve relationsbetween
regionson anundirectedine is givenin thetablein Figurel [8].

zAy#L | zAy=z | xAy=1y | RCC5 PP(XY)
F F F DR Q O
T F F PO — < > Q
! T F PP
T F T PPi
1 1 T EQ DR(xY) PO(XY) PPi(xy) EQ(x)

disjoint partial overlap proper part(y,x)  equal

Figure 1. Definition of the RCC5relationsand the correspondingRCCS5 lattice. (The bold boundary
encloses andthedashedoundaryenclosey.)

As a setthe relationsdefinedin the tablein Figure 1 arejointly exhaustve and
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pairwisedisjoint (JEPD).Thesetof triplesis partially orderedby setting(a1, a2, a3z) <
(b1, bo, b3) iff a; < b; fori = 1,2, 3, wherethe Booleanvaluesareorderedby F < T.
Theresultingorderingis indicatedby the arravs in the right part of Figure 1. [8] call
this graphthe RCC5lattice in orderto distinguishit from the conceptuaheighborhood
graphgivenin [26].

3.1.2.RCC] relationsbetweerintervals

Intervals are topologically maximally connectedone-dimensionategions. The
boundaryinsensitve topologicalrelationbetweenintenals x andy on a directedline
(RCC“I’ relations)canbedeterminedy consideringhetriple:

(TAyt L, zhy~z, sAy~y)

wheretheevaluationof eachcomponenyieldsavaluebelongingo theset{ FLO, FLI, T,
FRI, FRO} asfollows:

FLOifzxAy=landz <y
zAy#¢ L =¢FROifzAy=Landz >y
T ifzAy#L

and
(FLOifz Ay #zandz Ay #yandz < y
FROiIfx Ay #zandzx Ay # yandz >y
sANy~x=(FLl ifzAy#zandz Ay =yandz <y
FRI ifz Ay # zandz Ay =yandz >y
T ifzAy==z
and
(FLO ifz Ay # yandz Ay # zandz < y
FROIfz Ay #yandz Ay # zandx >y
zANy~y=< FLl ifzAy#yandzAy=zandy >z
FRI ifz Ay #yandz Ay =zandy <€ x
u frAy=uy
with
T if L(z) A L(y) = L(z) andL(z) A L(y) # L(y)
F otherwise

Sy = T if R(z) A R(y) = R(z) andR(z) A R(y) # R(y)
| Fotherwise
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L(z) (R(y)) is the one-dimensionalegion occugying thewholeline to theleft (right)®
of z. Theintuition behindz Ay ~ x = FLO (x Ay ~ x = FRO) isthatx Ay = z is
falsebecauséherearepartsof x stickingoutto theleft (right) of y andbecausey is not
apartof z. Theintuition behindz Ay ~y=FLI(x Ay ~y=FRl)isthatz Ay =y
is falsebecausehereare partsof y sticking outto theright (left) z andbecause: is a
partof 4.

Thetriplesformally describgointly exhaustve relationsundertheassumptiorthat
z andy areintervalsin a one-dimensionallirectedspace.The correspondencieetween
thetriplesandthe boundaryinsensitve relationsbetweenintenalsis givenin thetable
below. Possiblegeometridnterpretation®f the definedrelationsaregivenin Figure2.

cAyAL|zAy~z | xAy~y RCC?
FLO FLO FLO DRL
FRO FRO FRO DRR
T FLO FLO POL
T FRO FRO POR
T T FLI PPL
T T FRI PPR
T FLI T PPIL
T FRI T PPIR
T T T EQ

For example:therelationDRL(z, y) holdsif andonly if z andy do not overlapandz
is to theleft of y; POL(z,y) holdsif andonly if z andy partly overlapandthe non-
overlappingpartsof = areto theleft of y; PPL(z,y) holdsif andonly if z is contained
in y but  doesnot cover the rightmostpartsof y; PPiL(z,y) holdsif andonly if y is
apartof z andtherearepartsof z stickingoutto theleft of y; PPR(z, y) holdsif and
only if z is apartof y andz doesnot cover theleftmostpartsof y; PPiR(z, y) holdsif
andonly if y is apartof x andtherearepartsof x stickingoutto theright of y.

In qualitatve reasoningthe aim is to definesetsof jointly exhaustve and pair
wisedisjoint (JEPD)relations.For JEPDsetsof relationsfor arbitraryconfigurationsof
objectsor regionsoneandonly onerelationholdsto betrue. The setof RCC? relations
is jointly exhaustve for intervals, i.e., arbitrary configurationf intenals arecovered.
But considerthe geometricinterpretationsof PPL(z,y) and PPR(z,y) in Figure 2.
Bothrelationsholdif x is apartof y andtheboundarie®f z andy do notintersectWe

5| usethe spatialmetaphorof a line extendingfrom the left to the right ratherthan the terminologyof
atime-line extendingfrom the pastinto the future in orderto focuson the aspectof the time-line asa
one-dimensionallirectedspace.
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havez Ay = z andz Ay # y andz < y andz > y. Consequentlyhetableabore does
notdefinepairwisedisjointrelations.Considetthetwo setsppl = {(z,y) | PPL(z,y)}
andppr = {(z,y) | PPR(z,y)}. SincePPL andPPR arenotidenticalandnot pair
wise disjoint we have ppl # ppr andppl A ppr # L. The sameholdsfor PPiL and
PPIR.

It is importantto stressthatthis propertyof the definedrelationsis intendedand
neededn orderto generalizehoserelationsto approximationsOnecould easilymalke
thesedefinitionsJEPDby settingz Ay ~ y = FRIiff x Ay # yandz Ay = zandy <
zandy » z andby settingz Ay ~ z = FRIiff z Ay #£ zandz Ay = yandz <
yandz % y. Butthiswould destry the symmetryof therelationswith respecto EQ.
This symmetryis importantin our generalizatiorbelon. The centralconcernof this
paperis notthe definitionof JEPDrelationsbetweerregionsbut ratherthediscussiorof
setsof relationsthatcanbe generalizedo relationsbetweerapproximations.

Assumingthe orderingFLO < FLI < T < FRI < FRO, andthe orderingon
triples as definedabove, a lattice is formed, which has(FLO, FLO, FLO) asminimal
elemeniand (FRO, FRO, FRO) asmaximalelement.lt is calledthe RCC} latticeand
theorderingis indicatedby thearravs in Figure2.

PPiL(x,y) PPIR(x,y)

DRL(x,y) POL(x,y) PPL(x,y) EQ PPR(X,y) POR(X,y) DRR(X,y)

Figure2. Possiblegeometridnterpretation®f the RCC? relations.For DRL, PPLPPIL, PPR, PPIR, and
DRR two exampleconfigurationsare given. Onewith and onewithout boundaryintersection.The solid
linessignify theinterval z anddashedinessignify theinterval y.

ConsiderFigure 2. For all relationsexcept POL, POR, and EQ, two distinct
geometrianterpretationaregiven. Theseconfigurationsliffer regardingthe emptiness
or non-emptinessf theintersectiorof the boundarie®f theregionsbut they cannotbe
distinguishedwithin thecurrentformal framework. It is thetaskof furtherrefinemento
distinguishthoseconfigurationsThis will resultin definitionsthatdescribethethirteen
Allen-relationg[1] which arebasedexclusiely onthe meetoperatiorbetweertemporal
regions(SeeSection3.2.2.).
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3.1.3.RCCY relationsand complex regions

Oftentemporalregionsarenotintenals, i.e., they consistof multiple disconnected
parts.Imagine for example thatJohngren upin London.Whenhewas20yearsold he
movedto New York andreturnedl0 yearslaterto Londonwhereheliveduntil hedied.
The temporalregion during which Johnlived in London hastwo disconnectegiece.
ImagineMary movedto Londononeyearafter Johnleft andleft Londonfor goodone
yearbeforeJohncameback. Therearethenpartsof ‘John’sliving in London’ before(to
theleft of) andafter (to theright of) ‘Mary’sliving in London’. Considerconfiguration
(a) in Figure3. Noneof the RCC] relationsdefinedin the previous sectionappliesto
this configuration. Both regions are disjoint but thereare no partsof x ‘sticking out’
to theleft andright of y, i.e.,xz & y andz % y. RCC? relationsonly incompletely
describeconfigurationgb) and(c) in Figure3. The RCC"l’ relationsdefinedabore do
notgeneraliz¢o comple one-dimensionalegions.

In thedomainof complex one-dimensionalegionsthe RCC? relationsdefinedin
the previous sectionis the specificatiorof relationsbetweerthe corvex hull of comple
regions.In ourexampleabore wewould have PPiL(JohnInLondon, M aryInLondon)
and PPIR(JohnInLondon, MaryInLondon). This interpretationis not necessarily
satishctory if our aim is towardsthe definition of JEPD relationsbetweenarbitrary
one-dimensionalegions. In orderto obtainJEPDrelationsa further refinementof the
RCC? relationsis needed.

Thedifficult problemof providing a formal theory of comple intervals goesbe-
yondthe scopeof this paper For definitionsof relationsbetweercomple intenals see
[29,30]and[32]. Thesedefinitionsaremuchmorecomple thanthosesketchedabove.
The focusof this paperis the discussiorof the generalizatiorof relationsbetweerre-
gionsto relationsbetweenapproximations.Consequently considerrelationsbetween
temporalregionswithout explicitly distinguishingbetweensimple and comple inter-
vals andto this end| considercorvex hulls of intenals wherenecessary However |
shallexplicitly mark caseghatonly hold for simpleintervals or only hold for comple
intenals.

(@) R(xy)=7? (b) DRL(x,y) and DRR(x,y) (c) POL(x,y) and POR(x,y)

Figure 3. Configurationsof complex regions that are not or only incomplete characterizedby the
RCC} relations.
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3.2. Boundarysensitiverelations

3.2.1.RCC8relations

In orderto describeboundarysensitve relationsbetweernregionsz andy we use
atriple, wherethe threeentriesmay take one of threetruth-valuesratherthanthe two
Booleanones[8]. Theschemeéhastheform:

(xANyZ LizANy=z,x Ny =1y)
where

T if theinteriorsof z andy overlap,i.e.,z Ay # L
zAy Z L = < Mif only theboundariex andy overlap,i.e.,.z Ay = L andéx A dy # L
F if thereis nooverlapbetweenz andy, i.e.,.x Ay = L andéx A dy = L

andwheré

(T if eitherz andy areidenticalor z is containedn theinteriorof y, i.e.,
x=yor(zAy=xandiz Ady = 1)

Ay =z = Mif z is containedn y andthe boundarie®verlap

i.e,x ANy =xzandz Ay # y anddx A dy # L

| F if zisnotcontainedvithin y,i.e.,z Ay # =

andwhere

Tifz=yor(zAy=yandiz Ady= 1)
zANyrmy=<MifzAy=yandz Ay # z andéx A éy # L
FifzAy#y

The meaningof x Ay # L = T is thatthe intersectionof the interior of z andy is
non-emptyandthemeaningof dz A 0y # L = T is thatthemeetof theboundarie®f
andy is non-empty Thecorrespondendeetweerthetriplesdefinedabose andboundary
sensitve topologicalrelationss givenin thetableof Figure4 [8]. [8] defineF < M < T,
assumehe orderingbetweertriples discussedbore, andcall the correspondindiasse
diagram(right partof Figure4) anRCCS8lattice.

Considetthedefinitionof therelationDC(z, y). By Table4dwehaez Ay % L =
F,x Ay =z = F,andz Ay = y = F. Consequentlyneitherthe interiorsnor the
boundarie®f z andy overlap,i.e.,z Ay = L anddx A dy = L, andtheregionsz andy
aredisconnectedin thecaseof EC(z,y) wehavez Ay % L =M,z Ay = x = F, and
z Ay =y = F. Consequenththeinteriorsof x andy do notoverlapbut theboundaries

5 In the domainof regionsz = y is equivalentto (z A y = x andz A y = y) [10].
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Figure4. Definition of the RCC8relationsandthe correspondindRCC8lattice
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do,i.e.,z Ay = L andéz A dy # L, andtheregionsz andy areexternallyconnected.
In thecaseof NTPP(z,y) wehavez Ay % L =T,z Ay~zxz=Tandz Ay =y =F.
Consequentlyr is completelycontainedn theinteriorof y: x Ay # L,z Ay = x and
sincez Ay # y wehavedx A §dy = L, i.e.,z is anon-tangentiaproperpartof y. In the
caseof EQ(z,y) weharez Ay %6 L =T,z Ay =z =Tandz Ay ~y =T. Both
regionsareidenticali.e.,z Ay =z andz Ay = y.

This paperdealswith theregionsof aone-dimensionadpaceandwith therelations
betweernthem. In this contet the meaningof éx A éy # L = T is thatthe boundary
pointsof the one-dimensionalegionsz andy coincide. Let B, bethe setof boundary
pointsof = and B, bethe setof boundarypointsof y respectiely’. We have dz A &y #
1 =Tif andonlyif B, N B, # 0. In this contet we assumehatif two pointscoincide
thenthey areidentical.

In orderto distinguishsetsof relationsbetweernone-dimensionalegionsfrom re-
lationsbetweerregionsof higherdimension usethenotationRCC? ratherthanRCCS8.
Possiblegeometridnterpretation®f theRCC? relationsaregivenin Figure5.

For all relationsexceptNTPP, NTPPI, andEQ in thisfigure,two distinctgeomet-
ric interpretationsregiven. ConsidertherelationsDC(z, y), EC(z,y), andPO(z, y).
Thesegeometricconfigurationdiffer accordingto whetherz is to the left of y or vice
versa.In the caseof TPP(z,y) andTPPi(x,y) we cannotdistinguishwhetherthe left
or the right boundarypoints of £ andy coincide. The configurationscannotbe dis-
tinguishedwithin the currentformal framework. It is the taskof further refinemento
distinguishthem.

7 Noticethatwe areallowedto talk aboutsetsof boundarypointssincein thedomainof one-dimensionate-
gionstheidentity of boundarypointsis well defined.Moreover the boundarypointsof aone-dimensional
region arecountable In the domainof temporalintervalstheir numberis two.
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TPPi(x,y) NTPPi(x,y)

DC(xy) EC(xy) PO(Xy) TPP(xy) NTPP(x.y) EQ(x)

Figure5. Geometridnterpretation®f RCC$ relationsbetweerpne-dimensionalegionsof a non-directed
line.

3.2.2.RCC?® relationsbetweerintervals

Boundaryinsensitie relationsbetweertimeintenalsonadirectedtime-linedonot
distinguishemptinessand non-emptinessf intersectionat boundarypoints. Boundary
sensitve relationsbetweerregionsonanon-directedine take boundarnyintersectiorinto
accountut do notdistinguishleft andright. We now defineboundarysensitve relations
betweerintervalson adirectedline by combiningbothapproaches.

In orderto describeboundarysensitve relationsbetweenintervals on a directed
line (RCC}5 )8 we definethe relationshipbetweerintenvals z andy by usinga triple,
wherethethreeentriesmaytake oneof ninetruthvalues:FLO, MLO, FLI, MLI, T, MLI,
FLI, MLO, FLO. Theschemeéhastheform

ANy LizANy=z,z Ny=y)

where

(T cAy#1=T

MLO zAy# L =Mandzx Ay % L =FLO
zAy2 L =<{ MROzAy# L =Mandz Ay« 1L =FRO
FLO zAy# L =Fandz Ay # 1L =FLO
(FROzAy# L=Fandz Ay L =FRO

8 To bedistinguishedrom RCC15relationsbetweerconcae regionsof higherdimension[15].
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andwhere

(T s Ay=xz=T

MLI zAy=z=Mandz Ay ~y = FLI

MRl z Ay=z=Mandz Ay ~y = FRI
zAy~z=< FLOzAy=z=Fandz Ay ~z=FLO
FLI zAy=xz=Fandz Ay~ z =FLI

FROzAy=z=Fandz Ay ~z=FRO
|FRI zAy=z=Fandz Ay ~z=FRI

andwhere

(T zAy=y=T

MLI zAy=y=Mandz Ay ~x = FLI
MRl zAy=y=Mandz Ay ~z = FRI
zAy~y=C¢FLOzAy=y=Fandz Ay ~y=FLO
FLI zAy=y=FandzAy~y=FLI
FROzAy=y=Fandz Ay ~y =FRO
(FRI zAy=y=Fandz Ay ~y=FRI

The intuitions behindthosedefinitionsare the following®: = Ay % L = FLO
meanghat: zAy # L isfalsebecause istotheleft of y andnoboundarypointsof z and
y coincide;z Ay % 1L = MLO meanghat: z Ay # L isfalsebecause: istotheleft of y
andtheboundarypointsof = andy docoincide;z Ay =~ z = FLO meanghat:z Ay = =
is falsebecausef partsof z stickingoutto theleft of y andbecauseo boundarypoints
of z andy coincide;z A y = y = FLI meansthat: z A y = y is falsebecauseof
partsof y stickingoutto theright z, becausex is a partof y, andbecauseo boundary
pointsof x andy coincide;z A y = y = MLI meanghat: x A y = y is falsebecause
of partsof y sticking out to theright z, andbecauser is a partof y andthe boundary
pointsof z andy do coincide. Definitionsfor z Ay % L € {FLI, MLI, FRI, MRI},
z Ay =~z € {MLO,MRO}, andz Ay = y € {MLO, MRO} arenot meaningful.

Thecorrespondencleetweersuchtriples, boundarysensitve topologicalrelations
betweerintenalson adirectedline, andthe 13 relationsdefinedby [1] is givenin Table
6. Possiblegeometricinterpretationsaregivenin Figure7. Considey for example,the
definition of the following relations: DCL(z, y), i.e., befor€z, y), holdsif z andy do
not overlapanddo not shareboundarypoints(z A y # L = F) andz is to theleft of y
(xAy £ L = FLO), andhencegzAy % L = FLO; ECL(x,y), i.e.,meet$z, y), holdsif

91 discusshereonly themostimportantcasesCasesot explicitly discussediresimilar.
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z andy do notoverlapbut do shareboundarypoints(z Ay # L = M) andz isto theleft
ofy (x Ay # L = FLO), andhencex Ay # L = MLO; TPPL(z, y), i.e.,startgz, y),
holdsif z is aproperpartof y andthetwo left boundarypointsof « andy coincide.We
havez Ay = z, zAy # yanddéxzAdy # L, andhencertAy =z = MandzAy =y =F.
Furthermoreve have z A y ~ y = FLI, i.e., therearepartsof y stickingoutto theright
of z. Thisis consistentwith the coincidenceof the left boundarypointsof = andy.
Consequentlywehavez Ay % L =T,z Ay =~ z = MLI, andz A y = y = FLI, which
definesthe relation TPPL(z, y); TPPiL(z,y), i.e., start$(z, y), holdsif y is a proper
partof z andthe two left boundarypointsof z andy coincide. We have z A y = y,
Ay # xz anddxz Ady # L, andhencer Ay =y = Mandz Ay = z = F. Furthermore
wehave z Ay ~ x = FLI, i.e., therearepartsof z stickingoutto theright of . This
is consistenwith the coincidenceof the left boundarypointsof x andy. Consequently
weharez Ay#% L =T,z ANy =~y = MLI, andz A y = x = FLI, which definesthe
relationTPPIL(z, y);

Considerthe relationsNTPPL(z,y) and NTPPR(z,y), both correspondingo
during(z,y). The intuition is that z is a properpart of y and thereis no boundary
intersection. This is consistentwith partsof y sticking out to the left of x and parts
of y sticking out to theright of z. Consequentlyasa setthe RCC%"’ relationsarenot
JEPD.Considerthe two setsntppl = {(z,y) | NTPPL(z,y)} andntppr = {(z,vy) |
NTPPR(z,y)}. We have ntppl = ppr. Consequentlythe formal distinctionbetween
NTPPL(z,y) andNTPPR(z,y) doesnot correspondo distinctionsbetweenpairs of
one-dimensionaintenals on a directedline. The sameholdsfor NTPPiL(z,y) and
NTPPiR(z,y). We needthosedistinctionsfor formal reasonsn the generalizatiorto
approximations.

We defineFLO < MLO < FLI < MLI < T < MRI < FRI < MRO < FRO
and call the correspondingHassediagraman RCC}5 lattice to distinguishit from the
conceptualneighborhoodyraph[24]. The orderingof the lower RCC}5 relationsis
indicatedby thearrownsin Figure?.

4.  Approximations

In this sectionboundaryinsensitve andboundarysensitve approximation®f one-
dimensionategionswith respecto anunderlyingpartitionareformally defined.Bound-
ary sensitve approximationgake therelationshipof the boundaryof the approximated
region andthe boundarief partition cells into account. Boundarysensitve approxi-
mationsareneededf we wantto derive boundarysensitve relationsfrom thoseapprox-
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TAyR Ll |zhymz | zAhy~y RCC}5 Allen
FLO FLO FLO DCL before
FRO FRO FRO DCR after
MLO FLO FLO ECL meets
MRO FRO FRO ECR meets

T FLO FLO POL overlaps
T FRO FRO POR | overlaps
T MLI FLI TPPL starts
T MRI FRI TPPR finishes
T T FLI NTPPL during
T T FRI NTPPR during
T FLI MLI TPPIL starts
T FRI MRI TPPIR | finishes
T FLI T NTPPIiL | during,
T FRI T NTPPIiR | during,
T T T EQ equal

Figure6. Definition of RCC1? relations.

TPPIL(xy) NTPPIL(x,y)

DCL(x.y) ECL(xy) POL(x.y) TPPL(x.y) NTPPL(x.y) EQ(xy)

Figure7. Geometricinterpretationf the lower (< EQ) RCC}® relationsbetweenconnectedntervals.
Thesolid linessignify theinternval x anddashedinessignify theinterval y.

imations.
4.1. Approximatingregions

4.1.1.Boundaryinsensitiveapproximation

Considerthe setof regions, R, of a one-dimensionaspace.By imposinga parti-
tion, G, on R we canapproximateslementsof R by elementf QS [9]. Thatis, we ap-
proximateregionsin R by functionsfrom G to theset(23 = {fo, po, no}. Thefunction
which assigngo eachregionr € R its approximatiorwill bedenotedns : R — Qf.
Thevalueof (asr)g is fo if r coversall of thecell g, it is po if » coverssomebut not
all of theinterior of g, andit is no if thereis no overlapbetweenr andg. [9] call the
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elementof O the overlapandcontainmensensitve approximationsf regionsr € R
with respecto the underlyingregional partitionG.

4.1.2.Boundarysensitiveapproximation

Considera one-dimensionaton-directedspace We canfurtherrefinethe approx-
imation of regions R with respecto the partition G by taking boundarypointsshared
by neighboringpartition regionsinto account. Thatis, we approximateregionsin R
by functionsfrom G x G to the setQ, = {fo,bo,nbo,no}. The function which
assignsto eachregion » € R its boundarysensitve approximationwill be denoted
ayg @ R — Q%Y. Thevalueof (asr)(gi, g;) is fo if r coversall of thecell g;, it is bo
if  coverstheboundarypoint, (¢;, g;), sharedoy thecell g; andg; andsomebut notall
of theinterior of g;, it is nbo if » doesnot cover the boundarypoint (g;, g;) andcovers
somebut notall of theinterior of g;, andit is no if thereis no overlapbetween- andg;.

4.1.3.Thesemantic®f approximateregions

Eachapproximateregion X¢ € QF (Xg € Q$*%) standsfor a setof precise
regions,i.e., all thosepreciseregionshaving the approximationX with respecto the
partition G. This setwill be denoted[Xs]? ([X¢]*) and provides a semanticsfor
approximateegions.

[[XG]]S = {’I‘ €ER | a3r = XG'}, [[Xg]]4 = {T‘ €R | our = Xg}

Wherever the context is clearthe subscriptandsuperscriptareomitted.

4.2. Approximateopemtions

The domainof regionsis equippedwith join andmeetoperations,y andA. [9]
shavedthattheseoperationn regionscanbe approximatedy pairsof greatesmini-
mal andleastmaximaloperationon approximationsin this paperl discusshe opera-
tions A and A onboundaryinsensitve approximation@ndboundarysensitve approx-
imations.A detaileddiscussiorcanbefoundin [9].

4.2.1.Boundaryinsensitiveopeiations
Firstly we defineoperationsA and A onthesetQs = {fo, po, no}.
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A | no po fo A | no po fo
no|no no no no|no no no
po | no no po po | no po po
fo |no po fo fo | no po fo

Theseoperationsextend to elementsof Q5 (i.e. the setof functionsfrom G to Q)
by (X AY)g = (Xg) A (Yg) andsimilarly for A. [9] shaved thatthe outcomeof the
operationsA and A onapproximationsX andY constrainghepossibleoutcomeof the
operationz A y for z € [X] andy € [Y] in suchawaythatX AY < (a3 (z Ay)) <
X AY. The symbol < designates partial order betweenapproximationglefinedby
X <Y if andonlyif forall g € G (X g) < (Y g) with no < po < fo.

4.2.2.Boundarysensitiveopemations
We definethe operationA ontheset(), = {fo,bo,nbo, no} asshawn in theleft
tablebelov. This operationextendsto elementsof Q$*€ (i.e. the setof functionsfrom

G x Gto Q) by (XAY)(gi,95) = (X(9i,95)) A (Y (g5, 95))-

A |no nbo bo fo AN | no nbo bo fo
no |no no no no no | no no no no
nbo | no nbo nbo nbo nbo | no ~(N) ~«(N) nbo
bo | no nbo bo bo bo | no ~(N) bo bo
fo | no nbo bo fo fo | no nbo bo fo

The definition of the operation A is slightly more complicated(right tableabove). In
this casewe needto take the approximationvaluesreferringto both boundarypoints
(9i,9i—1) and(g;, gi+1) into accountLet

N(gi) = {((X (93,9i-1))> (Y (95, 9i-1))), (X (9i>9i+1)), (Y (94 9i+1)))}

bethesetof pairsof approximationvaluesof X andY with respecto g;. We definethe
operationX AY asfollows:

(X A Y) (95 gi41) = (X (g3, gi+1)) (AN (Y(gi, 9i11))

where (A V(%)) is definedas shavn in the right table above andy(N) is definedas
follows:

__J noif (bo,bo) ¢ N
V() = {nbo if (bo,bo) € N~

This definition correspondgo the definition of operationson boundarysensitve ap-
proximationsof two-dimensionategionsin the planediscussedn [9]. Again, the out-
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comeof the operationsA and A on approximationsX andY constrainsthe possi-
ble outcomeof the operationz A y for z € [X] andy € [Y] in sucha way that
XAY <(asa(zAy)) < XAY,with < definedasabore with no < nbo < bo < fo.

5.  Generalization of RCC5relations

[8] shawvedthattherearetwo approacheso generalizingRC C' relationsbetween
preciseregionsto approximateones: the semanticandthe syntactic. In the semantic
caseonedefinesthe RCC relationshipbetweenapproximationsX andY to bethe set
of relationshipsvhich occurbetweerary pair of preciseregionsapproximatedby X and
Y,ie,8EM(X,Y) = {RCC(z,y) | z € [X] andy € [Y]}. In thesyntacticcaseone
takesaformaldefinitionof RCC' in theprecisecaseandreplacewariablesangingover
regions by variablesrangingover approximationsandthe meetoperation,A, between
regionsby the correspondingperationsA and A betweerapproximations.This syn-
tacticreplacemenyieldspairsof relationsbetweerapproximationsonerelationdefined
using A andanotherdefinedusing A . Theserelationsconstrainthe possiblerelations,
p(z,y), thatcanhold betweenz € [X] andy € [Y]. In theremainderof this sectionl
discusssyntacticand semantiogeneralizationsor RCC5. A similar approachs taken
for RCC} , RCCY , andRCC!® in Sectionss-8.

5.1. Syntactiogenealization

If X andY areapproximateegions(i.e. functionsfrom G to {23) we canconsider
thetwo triples of Booleantruth-values[8]:

(XAY #1, XAY =X, XAY =Y),(XAY # 1, XAY =X, XAY =Y).

In the context of approximateaegions,thebottomelement,L, is thefunctionfrom G to
Q3 which takesthe valueno for every elementof G. Eachof the above triples defines
anRCCb5relation,sotherelationbetweenX andY canbe measuredby a pairof RCC5
relations. Theserelationswill be denotedby R(X,Y) and R(X,Y). Let < bethe
orderingof the RCC5lattice thenthefollowing holds:

Theorem 1 [8]. Thepairs(R(X,Y), R(X,Y)) which canoccurareall thosepairs
(a, b) for whicha < b with theexceptionof (PP, EQ) and(PPi, EQ).



T. Bittner/ ApproximateQualitative Tempoal Reasoning 23

5.2. Correspondencef semantiandsyntacticgenealization

Letthesyntacticgeneralizatiomf RCC5bedefinedby SYN(X,Y) = (R(X,Y), R(X,Y)),
whereR and R areasdefinedabove.

Theorem 2 [8].  For any approximateregions X andY the syntacticand semantic
generalizatiorof RCC5areequialentin the sensdhat

SEM(X,Y) = {p € RCC5 | R(X,Y) < p < R(X,Y)},
whereRCCS5 is the set{EQ, PP, PPi,PO, DR}, and < is the orderingin the RCC5
lattice.
6. Generalization of RCC? relations
6.1. Syntacticgenerlization

Let X andY beboundarysensitve approximation®f regionsz andy. Thegen-
eralizedscheméhastheform

(XAY £ LXAY =X, XAY =Y),(XAY £ LLXAY =X, XAY =Y))

where
TXAY #1
XAY#1={ MXAY =1LandéX A §Y # L
FXAY =1andéX A Y =L
andwhere

T XY or (X£Y andX AY = X anddX AdY = 1)
XAY =X ={ MX£Y andX AY = X anddX AJY # L
FXAY #X

andsimilarly for X AY =Y (by commutatity of A), andfor X AY # 1, X AY =
X,and X AY = Y using A insteadof A and= insteadof ~. In this contet the
bottomelement,L, is eitherthevalueno or thefunctionfrom G x G to 24 whichtakes
the value no for every elementof G x G. The formula X~Y is trueif andonly if
XAY =X andX AY =Y. TheformulaX=Y is trueif andonlyif X AY = X
and X AY = Y. Thesedefinitionscorrespondo the definitionz = y if andonly if
z Ay =z andx Ay = yin Section3.2.1.
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The formula 6X A §Y # L is true if and only there are partition cells,
gi,gi+1 € @G, suchthat one of the following conditionsholds: (1) (X (gi, gi+1)) >
bo and (Y (gi,gi+1)) > bo and (X (gi+1,9:)) < bo and (Y (gi+1,9:)) < bo;
(2) (X (gi,9i+1)) < bo and (Y (g,9i+1)) < bo and (X (gi+1,9;)) > bo and
(Y (gi+1,9:)) > bo; (3) (X (gi,9i+1)) > bo and (Y (gs,9i+1)) < bo and
(X (gi+1,9:)) < bo and (Y (gi+1,9:)) = bo; (4) (X (i,9i+1)) < bo and
(Y (9i,9i+1)) > bo and(X (gi+1,9:)) > bo and(Y (gi+1,4:)) < bo.

Eachof theabove triplesdefinesanRCCY relation,sotherelationbetweenX and
Y canbe measuredy a pair of RCC? relations. Theserelationswill be denotedby
RE(X,Y) andﬁ(X,Y). Let X andY beapproximation®f one-dimensionalegions
in a one-dimensionaspaceandlet < be the orderingof the RCC? lattice. Thenthe
following holds:

Theorem 3. Thepairs(R8(X,Y), R3(X,Y)) whichcanoccurareall pairs(a, b) where
a < b with the exceptionof (TPP,EQ), (TPPi,EQ),(NTPP,EQ), (NTPPIi,EQ),
(EC,TPP), (EC, TPPI), (EC,EQ), (DC, EC), (DC,TPP), (DC, TPPI), EC,NTPP),
(EC,NTPPi), (TPP,NTPP), (TPP, NTPPi)

Proof. (1) Wefirstshav thatR(X,Y) < R(X,Y)whereX,Y € Q§*¢ andR(X,Y)
and R(X,Y) aredefinedasdiscussedn Section5.1. The structureof the agument
correspondso the proof of Theoreml in [8]. We simply usethe boundarysensitve
operationtablesdiscussedn Section4.2.2. Consequentlywe have (a < b) if a and
b arerefinementsf distinct RCC5relations®. Assumethata andb are refinements
of the sameRCCb5relation, i.e., refinementf DR, PP, or PPi. Pairs (a,b) wherea
andb arerefinementf the sameRCC5- relationanda # b cannotoccur sincethe
refinedrelationsaredistinguishedy the outcomeof § X A §Y whichis independenof
theoperationsp and A.

(2) ThecaseqTPP,EQ), (TPPIi,EQ),(NTPP, EQ), (NTPPIi, EQ) cannotoccug
sincethey arerefinement®f (PP(i), EQ), which cannotoccurby Theoreml.

(3) The cases(DC, TPP), (DC, TPPi), (EC,NTPP), and (EC,NTPPI) cannot
occur In thedefinitionof bothelementf thesepairsthe sub-formulad X A §Y occurs
whichresultis independentf thechoiceof A and A. Consequentlyn thedefinitionsof
compatiblerelations eitherbothrelationshave X AdY = L orbothhave s X AJY # L.
Thisrulesouttheoccurrencef thesecases.

10 Boundarysensitve relationsarerefinementsf boundaryinsensitve relations,i.e., DC andEC arere-
finementsof DR andTPP (i) andNTPP(:) arerefinementof PP(7).
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(4) The cases(EC, TPP), (EC,TPPi), and (EC,EQ) cannotoccur Assume
R3(X,Y) € {TPP,EQ}. SinceéX A Y # L andXAY = X theremustbe
gi,9; € G suchthat(X(g;,9;)) > bo and(Y (g;,9;)) > bo. By definitionof A we
have bo Abo = bo andconsequenthX AY # L. ThiscontradictsR8(X,Y) = EC
whichimpliesX AY = L. A similaragumentappliesto E(X,Y) = TPPi.

A Haslell programgeneratingall remainingcasescan be obtainedfrom the au-
thor. O

ConsiderTablel. The numbersndicatewhich casediscussedn the proof above
preventstheparticularpair (R®(X,Y), R®(X,Y)) from occurring.For pairsof relations
thatcanoccurSYN(X,Y') is given.

R\R® | DC | EC | PO | TPP | NTPP | EQ
pc |{pct| (1) |{bc,EC,PO} 3) {DC,EC,PO, | {DC,EC,PO,
TPP,NTPP} | TPP,NTPP,EQ}
EC | @ |{ec}| {ecpo} | @ | @ | (@)
PO (1) (1) {PO} {PO,TPP} | {PO,TPP, {PO, TPP,
NTPP} NTPP,EQ}
PP | @ | @ | (1) | {TPP} | @ (2)
NTPP | (1) | @) | (1) | @ | {NTPP} | )
QR | @ | @ | (1) @ @ {EQ}
Tablel

Possiblepairsof minimalandmaximalrelations(TherelationsTPPi andNTPPi areomitted.)

Considerthe underlinedsetsof relationsin Table 1. At the syntacticlevel these
relationscanoccuronly if we allow for approximationghatdescribeonly comple re-
gions,i.e., approximationsX suchthatall z € [X] arecomplex regions. This will be
discussedn moredetailin Section7.1.

6.2. Correspondencef syntacticand semantiggenealization

Let R be the setof regular one-dimensionalegionsin a one-dimensionaspace.
Thoseregionsmay beintenals, i.e., maximally connectedegions,or comple regions
consistingof multiple disconnectegbarts.Let X andY be boundarysensitve approxi-
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mationsof regionsz,y € R andlet RCCrangeover RCC5, RCC? , RCC! , RCCI® .
Thenthefollowing holds:

Lemmad4. If thereareg;,g; € G suchthat (X(gi,9;)) = (Y (9i,95)) = bo then
min{p € RCC| p(z,y),z € [X],y € [Y]} = PO.

Proof. Assumethatz € [X] andy € [Y] areregularregions. Sincethereareg;, g; €
G suchthat(X (g;, g;)) = (Y (gi,9;)) = bowehaved(z A g;) A6(y A g;) # L and,by
regularity z Ay # L. By definitionof bo, we have (z A g;) < g;*1. Sincez andy are
arbitrary possiblycomplex one-dimensionalegionswe have min((z A g;) A (y A g;) =
(x A gi)) = Fandmin((z A g;) A (y A gi) = (y A gi)) = F. By thedefinitionof RCC5
andall its refinementsve have min{p € RCC| p(z,y),z € [X],y € [Y]} =PO. O

It is importantto stressthatLemma4 presupposethatwe allow for comple re-
gions.Considerfor example configuration(h) in Figure8. Wehave (X (g;,9;—1)) = bo
and (Y (gi,g9i—1)) = bo andz € [X] and {y1,y2,y3} C [Y] and PO(z,y2),
TPPi(z,y1), andTPP(z, y3)). ConsequentlwehavezAy # L = T, min(zAy = z) =
F, min(z A y = y) = F, andmin{p € RCC} | p(z,y),z € [X],y € [Y]} = PO.

Let SEM(X,Y) beasetof RCC} relationsdefinedas SEM (X,Y) = {p €
RCC! | p(z,y),z € [X],y € [Y]} with [X] ¢ R and[Y] c R. Assume
(X (gi,g4)) = bo and(Y (g;,9;)) = bo. Sincebo Abo = bowehave X AY # L and
possibly dependingon the outcomeof (X (gx, g;)) A (Y (9x,9:)) with i # k andj # [,
XAY = X andlorX AY =Y. ThismeanghatR8(X,Y) > PO. If R}(X,Y) > PO
thenthis conflictswith min(SEM (X,Y)) = PO. Thatis why we definethe semanti-
cally correctedsyntacticgeneralizatiorof RCC? as:

SYN(X,Y) = (RS(X,Y), R¥(X,Y))

whereR3(X,Y) = POIf thereareg;, g; € G suchthat(X (gi,g;)) = (Y (9:,9;)) = bo
andR}(X,Y) = R¥(X,Y) otherwise.The semantiogeneralizatiorof RCC? relations
is definedas$EM(X,Y) = {p € RCC} | RS(X,Y) < p < R¥(X,Y)}.

Theorem 5. For ary boundarysensitve approximationsX andY of regular one-
dimensionategions,the syntacticandsemantigyeneralizationsf RCCEf areequvalent
in thesensghatSYN(X,Y) = SEM(X,Y) = SEM(X,Y).

Up<yiffzAy=zandz Ay #y.
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Proof. Correspondingo the proof of Theorem2 in [8] therearethreethingswhich
mustbe shawvn. First, thatfor all z € [X], andy € [Y], thatR_ﬁ(X,Y) < p(z,y) with
pE RCC? . Secondlyfor all z andy asbefore,thatp(z,y) < ﬁ(X,Y), andthirdly
thatif p is ary RCC8relationsuchthat R¥(X,Y) < p < R8(X,Y) thenthereexist
particularz andy which standin therelaﬁnp to eachother

First, we needto considertwo cases: (i) There are g;,g; € G such that
(X(gi,95)) = bo and (Y (gi,g;)) = bo. In this casewe have R&(X,Y) = PO <
p(z,y) by Lemmad4. (ii) Otherwise:In this caseit is necessaryoz)nsidereachof the
threecomponentX AY # 1, X AY = X,andX AY =Y.

If XAY # L = M thenwe have to shawv thatfor all z € [X] andy € [Y]
thatz Ay # L > M. If XAY # 1L = MthendX A JY # L. By definition of
dX AN J8Y # L therearefour possiblecases.We discussthe case(X (g;,gi+1)) > bo
and(Y (gi,gi+1)) < bo and(X (gi+1,9i)) < bo and(Y (gi+1,9i)) > bo. Theother
casesresimilar. By definitionof bo andno atleastoneboundarypointof all z € [X]]
andy € [Y] coincidewith theboundarypoint, g; N g;+1, sharedy thecellsg; andg; ;1.
If B, isthesetof boundarypointsof z andB, is thesetof boundarypointsof y thenwe
have g; N g;+1 € By andg; Ngi+1 € By and,hencejz Ady # Landz =y # L =M.

If X AY # L =Tthenforallz € [X] andy € [Y] weshavthatzAy # L =T.
If XAY # L = T thenthereareg;,g; € G suchthat(a) (X(g;,g;)) = bo and
(Y(9i,95)) = bo or (b) (X(gi,g;)) = fo and(Y (g, g;)) # no or (c) (X(gi, g;)) # no
and (Y (gi,9;)) = fo. In case(a)we have z Ay # L by Lemmad4. In case(b) we
have cellsg; with x A g; = g5, y A g; # L and,hencegz Ay # L andsimilarly for (c).
Consequentlywehavex Ay # 1 =T.

If XAY = X = M thenwe have to shaw for all z € [X] andy € [Y] that
sANy=z>MIf XAY =X #FthenXAY = X. If XAY = X thenfor all
9i,9; € Gif (X(gs,9;)) # nothen(Y(g;,9;)) = fol2. By definitionof nbo, bo, and
fo wehaveif z A g; # L theny A g; = g; and,hencex Ay = x. Consequentlyve have
cAy=x>M.

If XAY = X = Tthenwehave XY or (X£Y andX AY = X andd X AY =
1). We discussthe caseX £Y andomit X~Y. We have to shaw for all z € [X] and
y€[Y]thatz Ay=2z=T,i.e.,z Ay =z anddz A §y = L. We have alreadyshavn
abosethatif X AY = X thenz Ay = z andthatif §X A §Y # L thendz A dy # L,
andhencejf X AJY = L thendz Ady = L. If XAY =X =TthenXAY =X
anddX A JdY = L. Consequentlywehavex Ay = x = T. Theprooffor X AY =Y

2 Thecase(X (gi, 9;)) = (Y (gi, g;)) = fo wasalreadydealtwith in (i).
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is similar.

Second:Theproof p(z,y) < R3(X,Y) is similar andis omittedhere.

Third: we have to shaw thatif p is any RCC8relationsuchthat R (X,Y) < p <
RE(X,Y) thenthereexist particularz andy which standin therelationp to eachother
i.e.,we have to shaw thatall setsof relationsin Tablel do actuallyoccur We discusghe
case(DC, PO) andgive examplesfor theothers.Dueto R = DCwehave X AY = L
anddueto R = POwehare XAY # L, XAY # X andXAY # Y. There
cannotbe g;,g; € G with (X (gs,9;)) = bo and(Y (¢;,9;)) = bo, (X(gi,g;)) = fo
and (Y (gi,9;)) # no, and(X(g;,g;)) # no and(Y (g;,g;)) = fo. Theremustbe
9i-1,9i, 9i+1 € G suchthat(X(gi, gi—1)) = bo, (Y (g, 9i-1)) = nbo, (X(gi, gi+1)) =
nbo and(Y (gi,gi+1)) = bo. Consequentlyherearex € [X] andy € [Y] suchthat
therelation p thatholdsbetweenz andy is arnywherebetweenDC < p < PO. This
holdsin particularfor configuration(a) in Figure8. We have DC(z, y1), EC(z, y2), and
PO(z,ys).

Examplesfor the remaining casesare given in configurations(b-g) in Figure
8. Configuration(b) is an example for (DC,NTPPi), i.e., DC(z,ys), EC(x,y3),
PO(z,y4), TPPi(z,y2) andNTPPI(z,y1); (c) is anexamplefor (EC, PO) (This case
canonly occurif z andy arecomple regions),i.e., EC(z,y;) andPO(z, y3); (d) is
an examplefor (PO, NTPPI), i.e., PO(z,y3), TPPi(z,y2), andNTPPi(z,y;); (€)is
anexamplefor (PO, TPPI), i.e., PO(z, y2) andTPPi(z, y;) (This casecanonly occur
if 2 ory is a comple region); (f) is an examplefor (PO, EQ); (g) is anexamplefor
(DC,EQ). O

7. Generalization of RCC{ relations
7.1. Corvex hull opemtion

Let X andY be boundarysensitve approximationsof regionsxz andy. Since
RCC] relationsaredefinedfor one-dimensionahtenals andcorvex hulls, &, of com-
plex one-dimensionalegions,z, we needto definea correspondingperation X, in the
approximationdomain. We startby definingoperationd,r : Q¢*¢ — Q x Q that
return: ({(X)) theleftmostpair (X (g;,9i—1), X (9i, gi+1)) With (X (gi,gi—1)) # no;
(r(X)) therightmostpair (X (g;,9;-1), X (g5, gj+1)) with (X (g5, gj+1)) # no. If
1 # j thenthe corvex hull operatiorreplaceshesevaluesin X asindicatedin thetable
below andsets(X (gx, gx—1)) = fo and(X (gi, gr11)) =foforalli +1 < k < j.
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X yi  ----- y2 s Y3 s Y4 D )

Figure 8. Eachconfigurationdepictscells of a partitionedline (cell boundariesare indicatedby small

verticallines). One-dimensionalegionsx andy: - y4 arelocatedon theline. Depictionsof theseregions

aredravn abore theline. The actualregionsarelocatedon the line and canbe identified by orthogonal

projectionsof their depictionsontotheline. Thelegendin the bottomof thefigure shavs which line-style
signifieswhich region.

(X)) r(X) | (nbo, nbo) ‘ (nbo, bo) ‘ (bo, nbo) ‘ (bo, bo) ‘ (fo, fo)
1(X) (nbo,bo) | (nbo,bo) | (fo,fo) | (fo,fo) | (fo,fo)
r(X) (bo,nbo) | (fo,fo) | (bo,nbo) | (fo,fo) | (fo,fo)

A~ ~

If i = j thenwe have [(X) = r(X) andr(X) = I(X) = [(X) exceptfor pairs
I(X) = (bo,bo) wherein [(X) pairs (bo, bo) arereplacedby pairs (fo, fo), i.e., if
I(X) = (bo, bo) thenl(X) = (fo, fo).

Let X be aboundarysensitve approximation. The correspondingetof regions
[X] certainlycontainccomplex regionsandmay possiblycontainintenals. Thecornvex-
hull-setof X, denotedby CH (X), is the setof the corvex hulls of all z € [X]:
CH(X) = {# | = € [X]}. Lemmas tells usthat CH(X) is a propersubsetof
theregions,[X], thatareapproximatedy X, i.e., thatthereareregionsin [X] thatare
notcorvex hulls of regionsin [X]. Therearesomecomplex regionsin [X].

Lemma6. CH(X) C [X].
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[imt(r(2), 9) Ir(@) = r(g;)
I(z) =1(g:)|l(X) = (bo, € {nbo, bo}) or|l(X) = (bo, € {nbo, bo}) or
I(X) = (fo, fo) I(X) = (fo, fo)
= I(X) = (fo, fo) = I(X) = (fo, fo)
r(X) = (€ {nbo, bo}, nbo) |r(X) = (€ {nbo, bo}, bo) or
r(X) = (fo, fo)
= r(X) = (bo, nbo) = r(X) = (fo, fo)

int(l(x), g;)[l(X) = (nbo, € {nbo, bo}) [I(X) = (nbo, € {nbo, bo})
X) = (nbo, bo) = [(X) = (nbo, bo)

r(X) = (€ {nbo, bo}, nbo) [r(X) = (€ {nbo, bo}, bo) or
r(X) = (fo, fo)

= r(X) = (bo, nbo) = r(X) = (fo, fo)
Table2

o8

Proof Letl(z) returntheleftmostboundarypointof z andletr(z) returntherightmost
boundarypoint of z for arbitrary one-dimensionategions z in a directedspace. By
the definition of the corvex hull for one-dimensionalegionswe have [(z) = I(2) and
r(z) = r(2) andz is theintenal boundedby /(2) andi(2). Assumefurthera predicate
int(y, z) thatreturnsTrueif y is aninterior point of theregion z andfalseotherwise.

CH(X) C [X]. Let z be an arbitrary elementof CH(X), i.e.,z € CH(X).
Consequentithereis anz’ in [ X] suchthatz = 3’ with I(z) = I(z") andr(z) = r(z').
Considerthe partitioncellsg; andg; with ¢ < 413, Table2 lists the casesanoccur We
discusshecasd(z) = I(g;) andint(r(z), g;) theothersaresimilar. In thiscaseve have
I(X) = (bo,nbo), I(X) = (bo,bo), orI(X) = (fo,fo) and,r(X) = (nbo,nbo) or
r(X) = (bo, nbo). By definitionof X we get/(X) = (fo,fo) andr(X) = (bo, nbo).
Consequentlyve have for all 2/ € [X] : I(z") = I(g;) andin(r(z"), g;). By definition
of X (we il everythingbetween/(X) andr(X) with fo) all intervals with [(z") =
I(g;) andin(r(z"), g;) areelementf [X] andin particularz, i.e.,z € [X].

[X] € CH(X). AssumeR(X) = (bo,nbo), i.e., thereis a partition cell such
that (X (94,9j—1) = bo. By definitionof bo all regionsin [X] partially overlaptheleft
partof thecell g;. In particularthereis aregionz € [X] suchthatz A gj is acomple
region. By definitionof CH(X) wehavez ¢ CH(X). O

By Lemma6 [X] containsthe corvex hulls, z, of all z € [X] butif X is such
thatthe left mostand/orthe right mostpartsof thez € [X] partially overlap partition
cells g; and/org; thenthe intersectionof thesex with g; and/org; may be a comple

13 Thespecialcasei = j is omittedherebut is similar to the casesliscussedn whatfollows.
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region, andhence thesez arecomplex regions. The definition of X ensureghatthere
areno suchapproximationghatsemantidnterpretationsontainonly complex regions.
Furthermordt ensureghatif therearecomple regionsin [[X]] thenthe comple parts
of thoseregionsareonly at the very left andthe very right (relative to the underlying
partition).

7.2. Syntacticgenealization

Let X andY be boundarysensitve approximationsof regionsz andy. Since
RCC? relationsareonly definedfor intenvalswe needto applythecorvex hull operator
i.e., we considerX andY. At the level of approximationsve cannotcompletelyex-
cludecomple regions. We canonly excludeapproximationghatcontainonly complex
regions. We canconsiderthe two triples of truth valueg*:

A~

(XAY £ L, XAY ~ X, XAY ~YV),(XAY £ L, XAY ~ X, XAY ~Y).

with
FLOif XAY = Land(X «Y)
XAY £ L={FROifXAY = Land(X >Y)
T ifzAy#1L
andwith
(FLOif XAY # XandX AY # Yand(X «Y)
FROIf XAY # XandX AY # Yand(X > Y)
XAY ~X={FLl ifXAV #XandX AV =VandX «¥)
FRI if XAY # XandX AY = Yand(X > Y)
[T XAV =X
andwith
(FLOif XAY # XandX AY # Yand(X «7)
FROIf XAY # XandXAY #Yand(X > Y)
XAY ~X={FLl fXAY #XandXAY =Y and¥ v X)
FRI if XAY # XandX AY =Y and(Y < X)
[T fXAY =X

andsimilarlyfor XAY # L, XAY # L, XAY ~Y,andXAY ~ Y.
ThenotationX <Y is anabbreiationfor X < Y # FandX <Y > X > Y
andthenotationX Y is anabbreiationfor X > Y #FandX >Y > X Y.

4 Similar relationsweredefinedin [4] usingboundaryinsensitve approximations.
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We defineX <« Y asshavn in thetablebelon, whereX = Y is anabbreiation for
XAY =XandXAY =Y, X <Y isanabbreiationfor X AY = X andX #7,
andX > Y isanabbreiationfor X AY =Y andX #Y.

X<Y |L(X)AX=L1lorL(Y)AY = L|L(X)AX # LandL(Y)AY # L

L(X) < L(Y) T T
L(X) = L(Y) F M
L(X) > L(Y) F F

We defineX > Y following the samepatternbut using R(X) and R(Y") insteadof
L(X) andL(Y). L andR aredefinedassuminghat partitioncells g; arenumberedn
increasingorderin the directionof the underlyingspace.Let min, max : Q¢*¢ —» N
befunctionsreturningthe index of the correspondindeftmost(rightmost)partitioncell
with (X (gi,g4)) # no, i.e., min(X) = min{k | (X (gx, 1)) # no} andmax(X) =
max{k | (X (gx,91)) # no}. WedefineL(X)
fo if 4 < min(X)
(L(X) (gi,9;)) = { boif i = min(X)andj =i — 1and(X (gi,g;)) = nbo
no otherwise
andR(X)
fo if ¢ > max(X)
(R(X) (g, gj)) = { boif i = max(X)andj =i + 1and(X (g;, g;)) = nbo .
no otherwise

Eachof theabove triplesdefinesanRCC? relation,sotherelationbetweenX and
Y canbe measuredy a pair of RCC] relations. Theserelationswill be denotedby
R%(X,Y)andR(X,Y).
Theorem 7. Thepairs
(min(R%(X,Y), B*(X,Y)), max(B(X,¥), R°(X,Y)))
that can occur are all pairs (a,b) wherea < b < EQ and EQ < a < b with

the exception of (PPL,EQ), (PPR,EQ), (PPiL,EQ), (POL,PPL), (PPL,PPIiL),
(POR, PPR), (PPR, PPIR), (PPIR, EQ), and(EQ, DRR).

Proof (1) Westartby shaving thatthereareno X andY suchthatR?(X,V) < EQ <
RY(X,Y)or R%(X,Y) < EQ < R%X,Y). Assumea deterministicorocedurethat
alwayschecksFLO first andthenchecksFRO, FLI, FRI, T in this orderfor all entries
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in the definitiontable!®> Whetheror not R(X,Y) < EQ or R(X,Y) > EQ depends
only on the truth-value of theformulasX < V, X > YV, Y « X, andY > X. In
ary casethe truth-value of the formulasis the samefor RY andfor R°. Consequently
the casesR?(X,Y) < EQ < R%(X,Y) andR%(X,Y) < EQ < R%X,Y) cannot
occur Withoutlossof generalitywe needonly considemairs(a, b) wherea < EQ and
b < EQ. Sincethe outcomeof <« and>> is the samefor a andb the orderingdepends
only on the outcomeof the operationsA and A . This leavesonly thepairs(X AY #
LXAY =X, XAY =Y)and(XAY # L,XAY = X, XAY = Y) thatneed
to be consideredi.e.,the RCC5case.By Theoreml wehavea < b, i.e., R%(X,Y) <
R%(X,Y) < EQ. A similaragumeniappliesto pairs(a, b) wherea > EQ andb > EQ.
Dueto thereverseorderingT < FRI < FRO wehae EQ < R%(X,Y) < R(X,Y).
(2) The pairs (PPL,EQ), (PPR,EQ), (PPIL,EQ), (PPIR,EQ) cannotoccur
sincethe correspondingelations(PP, EQ), (PPi, EQ) cannotoccurin theRCC5case.
(3) The pair (EQ,DRR) cannotoccur ConsiderapproximationsX and Y.
For (EQ,DRR) (and (DRL,EQ)) to hold there must be a single g; € G such

A~ A~ A

that (X (gi,0: 1)) = nbo, (X (gi,9641)) = nbo, (¥ (gi,0i 1)) = nbo, and
(Y (gi,9i+1)) = nbo. Due to the non-symmetricdefinition of FLO and FRO in
XAY # LandXAY # L thecaseR?(X,Y) = DRR cannotoccur

(4) Thepairs(POL, PPL), (PPL, PPiL), (POR, PPR), (PPR, PPIR), (POL, EQ),
(POR, EQ) cannotoccursincesincethesecasesanonly occurfor approximationsX
andY whereeither[X] or [Y] or both containonly complex regions. Thesecasesre
excludedby using X andY ratherthan X andY in the definitionsabave. A Haslell

programgeneratingll remainingcasesanbe obtainedfrom theauthor O

ConsiderTable 3. The numbersndicatewhich caseof the proof discusseadbove
preventsthe particularpair from occurring. The meaningof therow R_g = POL will be
discussedbelow.

7.3. Correspondencef semantiandsyntacticgenealization

At thesyntactidevel thepair (DRL, EQ) representthemostindeterminatease It
occursif thereis asingleg; € G suchthat(X (g;,gi—1)) = nbo, (X (g;, gi+1)) = nbo,
(Y (gi, gi—1)) = nbo, and(Y (g;,9i+1)) = nbo. Since(DRL, EQ) is consistentith
(EQ,DRR) and(DRL, EQ) waschoserarbitrarily (thenon-symmetryn thedefinitions

15 This assumptionis neededsincethe RCCY relationsarenot JEPD.
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R\R® | DRL | POL | PPL \ PPIL EQ
DRL {DRL} | {DRL,POL} | {DRL,POLPPL} | {DRL,POL,PPiL} | {DRL,POL,PPL,
PPIL,EQ}
R =POL | (1) {POL} ) ) @)
RI=POL | (1) {POL} {POL,PPL} {POL,PPIL} {POL,PPL,
PPIL,EQ}
PPL @) @) {PPL} (1) @
PPIL 1) 1) 1) {PPIL} @)
EQ (2) (2) (1) (1) {EQ}
Table3

Syntacticgeneralizatiorof RCCY

couldbetheotherway aroundaswell), (DRL, EQ) is correctedor semantiaeasongo
(DRL, DRR). Thecorrectedelationwill be denotedy R_g

ConsiderLemmad4. It tells usthat, if thereareg;, g; € G suchthat(X(g;, g;)) =
(Y(9i,94)) = bo, thentherearex € [X] andy € [Y] with PO(z,y). Notice that
Lemma4 is only trueif we allow comple regions.By Lemma6 theremay be comple
regionsin [[X]]. Dueto theseregionsLemma4 canbeapplied.Consequentlyve needto
distinguishtwo cases{a) We have R} (X,Y) = POL if thereareg;, g1 € G suchthat
(X(9i,9i+1)) = (Y(9i,9i+1)) = bo andi = min(X) = min(¥)'6, andRY(X,Y) =
RY(X,Y) otherwise. (b) We have RY(X,Y) = POR if thereareg;,g; 1 suchthat
(X(gjr95-1)) = (Y(gj,g51)) = bo andj = maz(X) = maz(Y). Otherwisewe have
R9 = R90orR? = DRR.

Let the syntacticgeneralizatiorof RCC! relations YN, bedefinedoy

SYN(X,Y) = (min(RY(X,Y), RY(X,Y)), max(RY(X,Y), R}(X,Y))),

whereR_‘g andR_g aredefinedasdiscusse@bore andlet the semantiayeneralizatiorof
RCCY relations,8&M, bedefinedas

SEM(X,Y) ={p € RCC] | min(RY(X,¥), B)(X,¥)) <p <
max(RS(X, V), RY(X,Y))},

where < is the orderingin the RCC‘I’ lattice. ConsiderTable 3 andignore the row
R® = POL. It shavs SYN(X,Y) for R) < R? < EQ. The pairs (POL, PPL),

(PO, PPIL), and (PO,EQ) do occur due to the semanticcorrection of the pairs

16 min(X) andmax(X) aredefinedasdiscussedn Section7.2.
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(PPL,PPL), (PPIL, PPIL), and(EQ, EQ) in casesvhereLemma4 applies. Theorem
8 tells usthatthe semantigyeneralizatioproduceghe sametable.

Theorem 8. For approximationsX andY the syntacticand semanticgeneralizations
of RCC! relationsare equivalentin the sensethat SYN(X,Y) = SEM(X,Y) =
SEM(X,Y).

Proof We considerthreecases:R_g < p < R_2 with R_g < EQ andR_2 > EQ,
Rg < p< R_g < EQ, andEQ < R_g <p< R?. For eachcasethereare three
thingsto demonstrate(i) for all z € [X], andy € [V, thatRY(X,Y) < p(z,y) with
p € RCCY ; (ii) for all z andy asbefore thatp(z,y) < RY(X,Y); and(iii) if pisary
RCC? relationsuchthatR?(X,Y) < p < R(X,Y) thenthereexist particularz andy
which standin the reIation to eachother

Firstly, therearetwo casesvheretherearep;, po € SEM which are suchthat
p1 < EQ < py: DRL < p < DRRandPOL < p < POR. Inthecaseof DRL(X,Y) <
p(z,y) < DRR(X,Y) thereareonly ¢; € G suchthat (X (g;,g;—1)) = nbo,
(X (9i,9i+1)) = nbo, (¥ (9i,9i-1)) = nbo, and (Y (gi, 9i41)) = nbo. By definition
of nbo all z € [X] andall y € [Y] areproperpartsof g; thatdo notintersecthebound-
ary of g;. Onecansee(Figure9 (a)) thatthereareenoughnon-boundary-parts: andy,
of g; which aresuchthatall relationsp(z, y) with DRL(z,y) < p(z,y) < DRR(z,y)
do actuallyoccur

Considerthe casePPL(X, V) < p < PPR(X,Y); it occursif R® = R® = EQ

~ A~

and there are g;, ;41 € G suchthat (X(g;,9i+1)) = (Y(gi,9:+1)) = bo and
i = min(X) = min(Y) andthereareg;,g;_1 € G suchthat (X(g;,gj-1)) =
(f/(gj,gj_l)) = bo andj = maxz(X) = maz(Y). By definitionof bo all z € [X]
andall y € [Y] do overlap. Consequentlythe relationsDRL(z, y) and DRR(z, y)
cannotoccur SinceR? = R? = EQ therearez ¢ [X] andy € [Y] suchthat
EQ(z, ). ConsiderFigure9 (b) thereis enoughfreedomfor z € [X] andy € [Y] such
thatPPL(X,Y) < p(z,y) < PPR(X,Y) e.g.,POL(z,y4), POR(z,y1), PPL(z,4),
POR(z,y3, andEQ(x, y2).

Secondlyin orderto shaw (i) for R? < p < R_2 < EQ two casesieedto beconsid-
ered:(a) Thereareg;,g; 1 € G suchm_at(X(g,-,gi,l)) = bo and(f/(gi,g,-,l)) = bo.
In this casewe have R?(X,Y) = POL < p(z,y) by Lemma4 andLemmas. (b) Oth-
erwise:In thiscaseitgnecessarjo considereachof thethreecomponentsX AY # 1,
XAY =X,andX AY = V. Sincewehae R? < p < R? < EQ it is sufficient to
shaw thatif X AY # L thenfor all z € [X] andally € [V] z Ay # L andsimilar
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fOI‘XAY' EX,andXAf/ =Y.

If X AY # L thenthereareg;, g; € G with X (g, g;) = fo and¥ (g;,g;) # no
or X (gi,9;) # no andY (g;,g;) = fo. By definition of nbo andfo we have for all
ze[X]andally e [Y]zAy # L.

If X AY = X thenif X (g:,g;) # no thenY (g, g;) = fo. By definition of nbo
andfo wehavefor all z € [X] andally € [Y] zAy = 2. Similarlyif X AY =Y then
z Ay =y. Toshaw (i) for R? < p < R_S < EQ is accomplishedy a similar analysis
andis omittedhere. o

ConsiderTable 3. In orderto shav to shaw (iii) for R_g <p< R_g < EQ we
needto shav thatall setsof relationsin this tablecanactuallyoccur We limit ourselfto
examplesfor {DRL, PPL} and{POL, PPiL}. ConsiderFigure9. We have DRL(z, y2)
andPOL(z,y;) in configuration(c) andwe have POL(z,y;) andPPiL(z,y2) in con-

figuration(d).
Thirdly, to shaw (i), (i), and(iii) for EQ < _2 < p < RY is similar andthe proof
is omittedhere. O
@ ® © @
X o yl y2 y3 y4 y5

Figure9.

8. Generalization of RCC}® relations
8.1. Syntacticgenealization

Let X andY beboundarysensitve approximation®f regionsz andy in adirected
one-dimensionadpace SinceRCC] relationsaredefinedfor one-dimensionahtenals
andcorvex hulls, z, of complex one-dimensionakgions,z, we needto applytheconvex
hull operatorX in the approximationrdomain.We considerthe following pair of triples
of truth values:

A~ A~

(RAV# L, XAV~ X, XAV~ D), (RAV # L, XAV ~ X, XAV ~ 7).
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where
(T XAV ZL1=T
MLO XAY #1 =MandXAY # L =FLO
XAY#1L={MROXAY # 1L =MandXAY # L =FRO
FLO XAY # 1 =FandXAY # L =FLO
|[FRO XAY # 1L =FandXAY # L =FRO
andwhere
(T XAY=X-=T
MLI XAY =X =MandXAY ~Y =FLI
MRI XAY =X =MandX AY ~Y =FRI
XAV =2z={FLOXAY =X =FandXAY ~ X =FLO
FLI XAY =X =FandXAY ~ X =FLI
FROXAY =X =FandXAY ~ X = FRO
|FRI XAY =X =FandXAY ~ X = FRI

andsimilarlyfor XAY % L, XAY ~ X, XAV =~ Y,andXAY =~ Y.

Eachof the above triples providesa RCC1® relation, so the relationbetweenX
andY canbe measuredy a pair of RCC]° relations. Theserelationswill be denoted
by R!® andR!3(X,Y).

Theorem 9. Thepairsof relations

(min(R(X, V), R®(X,Y)), max(R(X,Y), R (X, Y)))
that can occurare all pairs (a,b) wherea < b < EQ and EQ < a < b with the
exception (DCL, ECL), (DCL, TPPL), (ECL,POL), (ECL, TPPL), (ECL, TPPIiL),
(ECL,NTPPL), (ECL,NTPPIL), (ECL, EQ), (POL, TPPL), (POL, TPPIL), (POL,NTPPL),
(POL,NTPPIL), (POL, EQ), (TPPL,NTPPL), (TPPIL, NTPPIL), (TPPL, EQ),
(TPPIL,EQ), (NTPPL,EQ), (NTPPIL, EQ), andthe correspondingpairs with both
componentgreatetthanor equalto EQ.

Proof RCC]® relationsarerefinementof RCC} andrefinement®f RCC relations.
Consequentlyif a pair of relationscannotoccurin theRCC? caseor in theRCC] case
thenthe correspondingefinementannotoccurin the RCC}5 case. By Theorem7
thereareno (a, b) suchthat R'>(X,Y) < EQ < R5(X,Y) or RB(X,Y) < EQ <
R'®(X,Y). Pairs(a,b) with a < b < EQ and pairs (a,b) with EQ < a < b are
governedby Theorem3 with theadditionalconstrainlthatRCC}5 relationsareonly de-
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finedfor intenals, i.e.,for X ratherthanfor approximationsX in general.Consequently
thepairs(POL, TPPL), (POL, TPPIL), (POL,NTPPL), (POL,NTPPIL), (POL,EQ)
andthe correspondingpairswith bothcomponentgreatethanEQ cannotoccut in cor
respondenc® Theorem?.4. A Haslell programgeneratingall remainingcasesanbe
obtainedrom the author O

ConsiderTable4. It liststhepairs(a, b) witha < b < EQ anda, b ¢ {TPPIL, NTPPIL}
andpointsto therelevantcasesn Theorems/ and3 thatapply

R“\R® | DCL | ECL | POL | TPPL | NTPPL | EQ
DCL {pcL}| 31 |{pcL,...,| 33 |{pCL,...,| {DCL,...,

POL} NTPPL} EQ}

ECL | 31 |{EcL}| 74 | 34 | 33 | 34

R®=pPOL| 31 | 31 | {POL} | 74 | 74 | 74
R =POL| 31 3.1 {POL} 74 | {POL,..., | {POL,...,

NTPPL} EQ}

TPPL | 31 | 31 | 31 |{TPPL}| 31 | 32

NTPPL | 31 | 31 | 31 | 31 | {NTPPL} | 32

EQ | 31 | 31 | 31 | 31 | 31 | ({EQ}

Table4

Syntacticallypossiblepairs (a, b) of minimal andmaximalRCC1® relationswith with ¢ < b < EQ and
a,b & {TPPiL,NTPPIiL}.

8.2. Correspondencef semantiandsyntacticgeneglization

Correspondingothegeneralizatiom)ftheRCC? andtheRCC’f relationssemantic
correctionsareneededn orderto generalizeRCC1® relationsbetweerintenals, z and
vy, to pairsof RCC}5 relationsbetweerapproximationsX andY’.

At the syntacticlevel the pair (DCL, EQ) representshe mostindeterminatecase.
AsintheRCC! casdt occursif thereis asingleg; € G suchthat(X (gi,g; 1)) = nbo,
(X (9i,9i+1)) = nbo, (Y (gs,gi-1)) = nbo, and (Y (¢;,9i11)) = nbo. Since
(DCL, EQ) is consistentwith (EQ,DCR) and (DCL, EQ) was chosenarbitrarily,
(DCL, EQ) is correctedfor semanticreasongo (DCL,DCR). The correctedrelation
will bedenotecby RI®.
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Lemma4 andLemmaé tell usthatif thereareg;, g; € G suchthat(f((gi,gj)) =
(Y(gi,g4)) = bo thentherearez € [X] andy € [Y] with PO(z,y). Asin the
RCC} casewe needto distinguishtwo cases(a) We have Rl°(X,Y) = POL if there
aregi, git1 € G suchthat (X(gi, 9i11)) = (Y(9i,9i11)) = bo andi = min(X) =
min(Y), and R°(X,Y) = RY(X,Y) otherwise. (b) We have R°(X,Y) = POR
if thereareg,;,g,-1 € G (X(gj,gj_ﬁ:(—?(gj,gjil)) = bo andj = maz(X) =
maz(Y). Otherwisewe have R'®> = R'5 or Rl® = DCR.

ConsideiTable4 andignoretherow R'® = POL. It shavs SYN(X,Y) for RL® <
RD < EQ. The pairs (POL,NTPPL), (POL,NTPPIL), and (POL, EQ) do occur
dueto thesemanticcorrectionof thepairs(NTPPL, NTPPL), (NTPPIL, NTPPiL), and
(EQ, EQ) in casesvhereLemma4 andLemma6 apply Theoreml0 tells usthatthe
semanti@generalizatiorproducethe sametable.

Let the syntacticgeneralizatiorof RCC1® be definedas

SYN(X, V) = (min{RI(X,Y), RB(X, )}, max{RP(X,YV), RP(X,Y)}),

whereR!® andR® aredefinedasdiscussedbove.

Theorem 10. For approximationsX andY syntacticand semanticgeneralizatiorof
RCC;1® relationsareequialentin the sensehat
SEM(X,Y) = {p € RCC}® | min{R(X,Y), RI°(X,Y)}
< p < max{RP(X,¥), RI(X,V)}},

whereRCC!® is thesetof RCC]® relationsand< is theorderingin theRCC}® lattice.

Proof We considerthreecases:RY® < p < RP with R’ < EQ andRY® > EQ,
RY < p < R5 < EQ, andEQ < RP < p < RY. For eachcasetherearethree
thingsto demonstratefi) for all € [X], andy € [V, thatR (X, ¥) < p(x,y) with
p € RCCI®; (i) for all z andy asbefore,thatp(z,y) < RI3(X,Y); and(iii) if p is
ary RCC1? relationsuchthat R15(X,Y) < p < RI5(X,Y) thenthereexist particular
x andy which standin therelat?np to eachother

Firstly, therearetwo caseswhereare pi, ps € SEM suchthatp; < EQ < po:
DCL < p < DCR andPOL < p < POR. To shaw that (i), (ii), and (iii) hold
correspond$o Theorem8 andis omittedhere.

Secondly (i) and (i) for R¥> < p < RP < EQ are a consequencef
Theorem5. (iii) is a consequen—cf Theorem5 exceptfor the pairs (ECL, POL),
(POL,TPPL), (POL, TPPIL), (POL,NTPPL), (POL,NTPPIiL), (POL,EQ) since
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RCC/® relationsareonly definedfor intenals. Thecaseg ECL, POL), (POL, TPPL),
and (POL, TPPIL) cannotoccur sincefor thesecasesto occurall z € [X] andall
Yy € [[f/]] would needto be complex regionsandthis is excludedby the definition of X
andY’. For theremainingcasest remaingto shaw thatif R1*(X,Y) < p < RI5(X,Y)
thenthereexist particularz andy which standin therelat—ionp to eachother Thisis a
consequencef Lemmad4 and6. O

9. Discussion

In this sectionl discussthe resultspresentedn this paper(1) with respecto the
contrikutions presentedn earlierliterature,(2) possiblegeneralizationsand (3) possi-
ble areasof application.| startby discussinghe relationshipsetweengranularityand
approximations.

9.1. Granularity

Granularityhasbeenanimportantresearchssuefor mary years[28,24,15,22,13,
3,41]. In theseefforts differentviews on granularityhave beentaken. In the context of
this paperthreeviews arerelevantandwill bediscussedn this section:

1. granularityof theory e.g.[28];
2. granularityof approximationof somespatio-temporatiomain),e.g.[3];
3. granularityof setsof qualitative relations,e.g.[24], [15].

In all caseghe notion of granularityis closelyrelatedto the notion of indiscernibility

which refersto thefactthatobjects propertiesor relationsarebeneatra certainlevel of

resolution(not necessarilyelatedto size)indiscernible|.e., they arenot capableof be-

ing distinguished.The approachesliffer however in the way indiscernibility is defined
andin whataspect®f the mattersin handareconsideredndescernibleThe mostgen-
eralview is takenin [28], which definesasindiscerniblewhat cannotbe distinguished
by a given formal theory The otherapproachesre more specificto certaindomains,
suchasindiscernibility of regions of spaceor time [3], or indiscernibility of relations
betweersuchregions[24,15].

9.1.1.Granularity of theory
Hobbs[28] aguedthat granularityis basedon moreor lessdetailedformal theo-
ries,wherethedegreeof detailrefersto differentkindsandnumbersof predicatesvithin
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agivenformalizedtheory:z ~ y = Vp : p(z) < p(y) (Wherep rangesover predicates
of the theoryand ~ symbolizesindiscernibility). Following this view of granularityl
consideredour theoriesandthegranularitythey dictate:(i) Mereology (ii) Mereotopol-
ogy, (iii) Mereology+ order and(iv) Mereotopology+ order Thisresultedin four sets
of qualitative relationsbetweertemporalregionsthataresummarizedn Table5.

Mereology[38] is a formal theory of partsof wholes. Its basicrelationis the
relationa < b denotingthat z is a part of y. The relationshipbetweenmereology
andthe meet-basedbrmalizationin this paperis given by the well-knowvn equivalence:
z <y =z Ay = z. At the mereologicalevel we wereableto distinguishthe five
RCC5relationsDR, PO, PP(i), andEQ. In termsof mereotopology42] we alsotook
thetopologicaldistinctionbetweertheinterior andthe boundaryof an objector region
into account(e.g.,x Ay # L vs. éx A dy # L). Thisresultedin the definition of the
eightRCCEf relationswheretherelationDR wasrefinedinto DC andEC andPP (i) was
refinedinto TPP(7) andNTPP (7). At this level of granularitywe wereableto specify
thattheinvasionof Polandis a partof World War 2 andthatbothshareaboundaryusing
therelation TPP. Furthermorewe areableto distinguishthe invasionof Polandfrom
the Germanattemptto occupy Leningrad sincethelatteris a non-tangentiaproperpart
of World War 2.

In termsof mereotopologyve wereableto formalizethe distinctionbetweennte-
rior andboundarybut not thatbetweerbeginningandending. We thenenrichedmere-
ology by primitivesdescribingorderingrelationssuchasbefoe andafter (i.e., left and
right in aone-dimensionallirectedspace)anddefinedthe RCC? relationsaccordingly
Every RCCbrelationexceptEQ wasrefinedinto two relations e.g.,DR wasrefinedinto
DRL andDRR. Thisenabledusto saythatWorld War 1 wasbeforeWorld War 2 rather
thanthatthey wereonly disjoint. The theorywith thefinestgranularityin Hobbssense
wasattainedby enrichingmereotopologyy meansof suchorderingrelations.This re-
sultedin theRCC}® relationsthataresimilar to thewell known Allen-relationsandthat
allow us,for example to saythatthe beginningof theinvasionof Polandcoincideswith
the beginning of World War 2.

The granularityof the underlyingtheory also dictatesdifferentkinds of approx-
imations: the boundarysensitve and the boundaryinsensitve. Boundaryinsensitve
approximationsrebasedn anunderlyingmereologicatheory They aredefinedusing
approximationfunctionsof signatureas : R — (G — Q3) (Section4). Every tem-
poralregionr € R is approximatedy a functionthat measureshe degreeof overlap
betweenr andeachpartitioncell g € G basedon an underlyingmereologicatheory
In Q3 we distinguished:full overlap, thatis (g —, fo = PP(g,r) or EQ(g,r)) in
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RCC5 boundaryandorderinsensitve qualitative relations,
basedon mereologyonly;

RCC}S boundarysensitve andorderinsensitve qualitative relations,
basedn mereotopology;

RCC! boundaryinsensitve andordersensitie qualitatve relations,
basedn mereologyandorder;

RCCI®  boundarysensitie andordersensitie qualitative relations,

basedn mereotopologyndorder
Table5

Qualitative relationshetweertemporalregionsbasedn theorieson differentlevels of granularity

termsof RCC5; partial overlap(g —, po = PO(g,r) or PP(r, g)); andnon-o/erlap
(g —r no = DR(g,1)).

Boundarysensitve approximationare basedon an underlyingmereotopological
theoryreflectedby approximationfunctionsof signaturexs : R — (G x G — 4).
The dggreeof overlap, measuredy 4, takesthe relationshipbetweenthe boundary-
point sharedby the adjacentpartition cells g; and g; andthe approximatedegion r
into accountWe distinguishedno overlap(no), partialoverlapwithout coverageof the
boundary-poin{nbo), partialoverlapwith coverageof theboundary-poin{bo), andfull
overlap(fo). Thesedefinitionscanberepresentedasilyin termsof themereotopological
relationsRCC? .

Assumingidenticalunderlyingpartitionsboundarysensitve approximationhave
a finer granularitythanboundaryinsensitve in the sensehat moredistinctionscanbe
made. If n is the numberof partition cells, thenthereare 3™ distinctionspossiblein
termsof boundaryinsensitve approximationsind42("+1) distinctionspossiblein terms
of boundarysensitve approximationgassumingve includecomple intenals).

9.1.2.Granularity of approximation

Themostobviousform of granularityoccursatthelevel of theunderlyingregional
partition,for examplea partitioninto nano-secondes. a partitioninto days.Granularity
in this contet refersto the sizeof the minimal cells of the partition. The corresponding
indiscernibilityrelationis basednidentity of approximation We usedthe notation[ X
in orderto referto thesetof regionsindescerniblén termsof theapproximationX (with
X afunctionfrom G to Q3 in the caseof boundaryinsensitve approximatiorandwith
z ~y =X =Y). Givenapartition G, with equalcell sizeanda finite setof regions
R, whoseelementsareevenly distributedwith respecto G, we cansayintuitively that
thefiner the partition (the morecells) the moredistinctionswe canmake andthe fewer
the numberof elementof R which will beindiscernible,.e., the fewer the numberof
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elementof R whichwill bein every [ X].

This kind of granularityrelatesto the indiscernibility of sizeandlocationdiffer-
encedelov aminimallevel of resolution(belav thesizeof theminimalcells). Partitions
have differentgranularitiesand partitionsof differentgranularitycanbe hierarchically
organizedn thesensehatcellsof thefiner partitionsubsumeellsat coarseievels.

It isimportantto seethatthe existenceof minimal cellsin partitionsdoesnotimply
thatthereareatomson the sideof the objects(or intervals) which we approximateThis
may or may not bethe case.If thereareno atomsin the domainwe areapproximating
then,of coursewe candefinefiner andfiner partitionswith smallerandsmallerminimal
cellsaswell. Examplesfor domainswhich do have temporalatomscan be found in
the digital world whereatomictemporalunits are definedby the tact of the CPU. In
this case(minimal) partition cells coincidewith the atomsin the domain. With respect
to the cellsin thosepartitionsthe beginningsand endingsof all eventscoincidewith
boundarief atomic units andthe partial overlap of eventsand partition cells cannot
occur Approximationswith respectto thosepartitionsare exact in the sensedefined
above.

9.1.3.Granularity of setsof qualitativerelations

If we have a setof jointly exhaustve and pairwise disjoint (JEPD)relationsthen
we canform relationsof lower granularityasdisjunctionsof relationson the baseevel.
For example therelationof overlap,O(z, y), canbedefinedasthedisjunctionof RCC5
baserelations: O(z,y) = PO(z,y) or PP(z,y) or PPi(z,y) or EQ(z,y). If we
define(a,b) ~ (¢,d) = O(a,b) + O(c,d) thentherelationsPO,PP(:) andEQ are
indescerniblevith respecto ~. The compositionof the baserelationoftenyields such
relationsof coarseievel of resolution[24,15,37]. A similar effect occurredwhenrea-
soningaboutapproximations.

Considerthe RCC5relations. As a setthesebase-relationarejointly exhaustve
andpairwisedisjointandform theRCC5latticeasdepictedn Figurel. Theoremd and
2 shaw thatsubset®f theserelationsform relationsof coarsetevels of granularity We
obtainedtheserelationsby performingthe syntacticgeneralization(Theoreml). This
producedpairs (R, R) C RCC5 x RCC5 with R < R and (R, R) # (PP(i),EQ)
which containthe baserelations,R = R, as specialcases. The semanticgeneral-
ization (Theorem2) shaved that eachpair (R, R) represents setof relationthatare
indistinguishableat the level of approximationsX andY with R(X,Y) = (R, R). In-
distinguishablameansthat for ary of the base-relationsp € RCC5, constrainedoy
the pairs, R < p < R, therearetemporalregionsz € [X] andy € [Y], which
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are suchthat p(z,y) holds. Sincetheregionsz € [X] andy € [Y] areindistin-
guishable the relationsp constrainedy (R, R) areindistinguishableaswell. Notice,
however, that the relations(R, R) are at coarserlevels of granularity not necessarily
jointly exhaustve andpairwise disjoint. As a setthesepairsform alatticeif we define
(a,b) 2 (c,d) = ¢ < aandb < d, where< is the orderingof the RCC5lattice.

Thegeneralizationsf thebaserelationsRCC? , RCC) , andRCC}® generatesets
of relationsof coarseigranularityin the sameway asdiscussedor the RCC5relations.
Thiswasdemonstrateth Theorems3, 5,7,8,9, and10.

9.2. Limitations

In this paper focussednthetemporaldomain.In relatedwork it hasbeenshavn
thatthe ideaspresentederecanbe generalizedo two-dimensionakpace8] (bound-
ary sensitve and boundaryinsensitve approximationsiandto arbitrary domains[34],
[41], [5]. Thehigherthe dimensionalityof the space the moredistinctionsare possi-
ble in termsof mereotopologicatelationsbetweenregions and boundariessharedby
neighboringpartition cells. It is the authors belief thatthe generalizatiorof boundary
sensitve approximationgo space®f dimensiorhigherthanthreeis notuseful. Another
limitation is thatall regionsneedto satisfytheaxiomsof the RCC-theory This excludes
discretespacesConsequentlythetechniquegresentedn this papercannotbe applied
to approximationshemseles,i.e., we cannotapproximateapproximations.

Anothermajorlimitation of the preseneapproachs thatit is limited to approxima-
tionswithin a singlepartition. For realisticapplicationsapproximationswith respecto
multiple partitionsneedto be considered.n this contet the formalizationof the meet
operationbetweerapproximationsn distinctbut hierarchicallyorganizedpartitionsare
of particularinterest.An examplewould beto derive possiblerelationsbetweeranevent
or processapproximatedvith respecto a partitionsof the time-lineinto hoursandan-
othereventor processaapproximatedvithin a partitioninto fifteen minuteslots. In this
contet it is necessaryo bringtogethettheresultsthathave beenachievedin thedomain
of time granularities(approximationghatare exact, in the languageof this paper)and
to generalizethoseresultsto approximationsusing the methodologyof syntacticand
semantigeneralizatiorasdiscussedbove. Consideringapproximationsvith respecto
two partitionswith cellsthatlie completelyskew to eachotheris muchharder In this
contet theincorporationof the GIS-techniqueof spatialenforcemen{31] seemdo be
promising.

A third point of limitation is that, as alreadymentionedabove, the treatmentof
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compl intenalsin the presentedormalismis not satishctoryyet. To apply thetech-
niguespresentedn this paperto generalizedntenals in Ligozat's sensg32] is anim-
portantopenquestion.

9.3. Potentialfieldsof application

The contritution of this paperis mainly theoreticalin natureand concreteappli-
cationsarethe subjectof future work. As alreadysketchedin Section2, it is the con-
viction of theauthorthatapproximateaepresentationsf eventsor processeareneeded
wheneer the boundarie®f the latterlie skew to the boundarief our partitionsof the
time-line. This wasdemonstrateth particularin the context of bonafide occurrents.

| seeanimportantfield of applicationof the formalismpresentedn this paperin
(spatio-)temporatlatabasesThe explicitly approximateepresentationf thetemporal
locationof eventsandprocessess ablemorenaturallyandcorrectlyto representhe na-
ture of the relationshipsetweerhumanpartitionsandeventsandprocessesThis also
reflectsmore explicitly the limits of humanknowledgeas concerngemporallocation.
Measurementasonly limited resolutionandobserationsof temporalchangeareoften
not madecontinuouslybut only at scatteredntenals. Basedon the proposedormalism
gueriesabouttemporakelationswouldthenyield resultsata coarsetevel of granularity
Theseresults,however, would be moreaccuratén the sensehatthis granularityrepre-
sentsthe actualextent of our knowledgeratherthanan artificial crispingintroducedto
compensatéor thelimitationsof the underlyingrepresentation.

Theneedfor approximateeasoningabouttemporallocationbecomegvenclearer
in relationto do reasoningaboutthe relationsbetweenthe actualtemporallocation of
aneventor processthe partitionof thetime-linewith respecto which we representhis
temporallocation,andthepartitionof thetime-linecreatedy the successie updateop-
erationsof ourdatabassystem Reasoningf thiskind is neededn orderto improve the
robustnessaindthe quality of theresultsgeneratedby (spatio-)temporadjueryengines.

Anotherimportantareaof applicationis the treatmentof vagueness.Thereare
large classe®f eventsandprocesseshatareinherentlyvaguein the sensehatthereis
no determinatavay to measureheir exact beginning andending. For example: When
did thelastice-ageendor thelastrainstormVhendoesa political or economicatrisis
beagin andend?Whendid your flu startandwhenwereyou onceagainhealthy?Often
we canonly approximatethe temporallocation of sucheventswith respectto some
appropriatepartition of the time-line. For example,| felt well on Saturday When|
measuredny temperaturd hada fever on Mondayandon Tuesday;and| felt healthy
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againon Thursdaymorning. Evenif our knowledgeof the beginningandendingof an
eventor processs vague,it is possibleusingthe methodssketchedabore to specifythe
relevantapproximatdocationsexactly. For furtherdiscussiorof the presentear similar
formalismsin the context of vaguenessee[14], [7], [6], [17], [11].

10. Conclusions

In this paper definedmethodsof approximategualitative temporalreasoningAn
approximatiorrepresentasetof regionsthatareindescernibleén theirrelationsto apar
tition of thetime-line (assuminga fixed setof relationsto be considered)Approximate
temporalreasonings performedby derving possiblerelationsbetweentwo temporal
regionsgivenonly their approximationsAt theformal level | proposeda methodology
thatallows us to definerelationsbetweentemporalregionsin sucha way that we can
generalizehesedefinitionsto approximationdy relatvely simplesyntacticoperations.

Themethodologyis basedn threemajorcomponents(1) Setsof qualitative rela-
tionsbetweerregions,which aredefinedin termsof the meetoperationoverthedomain
of regions. As asettheserelationsmustform a latticewith abottomandtop element.(2)
Approximationsof regionswith respecto a regional partition of the underlyingspace.
(3) Pairs of meetoperationson thoseapproximationswhich constrainthe meetopera-
tion onregions.

Basedon thesecomponentsyntacticand semanticgeneralization®f qualitatve
relationsbetweerone-dimensionaiegionsweredefined.Generalizedelationshold be-
tweenapproximation®of regionsratherthanbetweerthe regionsthemseles. Syntactic
generalizatioris basedon replacingthe meetoperationin the definitionsof relations
betweerregionsby its minimal and maximalcounterpart®n approximations.Seman-
tically, syntacticgeneralizationyield upperandlower bounds(within the underlying
lattice structure)on relationsthatcanhold betweerthe correspondingpproximatede-
gions.

In the temporaldomainl definedfour setsof topologicalrelationsbetweenone-
dimensionategions:

RCC5 Boundaryinsensitve binary topological relationsbetweenregionsin a non
directedone-dimensionadpace.

RCC(‘I’ Boundaryinsensitve binarytopologicalrelationsbetweermaximallyconnected
regions(intenals)in a directedone-dimensionadpace.
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RCC?% Boundary sensitve binary topological relations betweenregions in a non
directedone-dimensionatpace.

RCC}5 Boundarysensitve binarytopologicalrelationsbetweemmaximally connected
regions(intervals)in a directedone-dimensionapace.

For eachof thesesetsof relationsbetweernregionsl discussedhe syntacticandsemantic
generalizatiorfor thecorrespondingpproximationsndshavedtheequvalenceof both
approaches.This provides the formal basisfor qualitatve temporalreasoningabout
approximatdocationin time.

Approximaterepresentatiomnd reasoningvas shavn to be an generalizatiorof
time-granularitiesn the senseof [3]. Basedon the proposedramenork we areableto
representhefactthateventsandprocessesftenlie skew to our partitionsof the time-
line (granularitiespndwe areableto modeltheresultinglimits of ourknowledgeabout
the exactrelationsbetweerthoseeventsandprocessesxplicitly.
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