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Abstract

This paper presents the concepts underlying the design of an
intelligent system based on the absolute orders of
magnitude model to define qualitative operators able to deal
with a set of variables defined in different reference scales
and with different influence degrees. This system is applied
fo represent and manage some of the factors that take part in
the evaluation of credit risk in order to classify firms
according to their rating. Most of the vanables involved in
the rating calculation can be qualitatively described by
means of orders of magnitude, but the references that define
these orders are different for each variable. We introduce
adapted references for qualitative operators (ARQO) and
implement a software tool able to perform this classification
Key words: Qualitative Reasoning, Orders of Magnitude,
Qualitative Operators, Credit Risk.

1 Introduction

Calculus with qualitative variables is a common problem
in qualitative reasoning. The absolute orders of magnitude
model (Piera 1995; Travé-Massuyes 1997) works with a
finite set of qualitative labels obtained via a discretisation
of the real line. These kinds of structures are useful
because the knowledge and relations that human beings
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use to extract conclusions can be modelised by them.
Moreover, it is not unusual to have to extract information
from wvanables qualitatively described by means of
different discretisations of the real line.

One of the goals of qualitative reasoning is to tackle
problems in such a way that the principle of relevance is
preserved (Forbus 1988); that is to say, each variable
mmvolved in a real problem must be valued with the
precision level required. Nevertheless, in orders of
magnitude calculus, as in the algebra of signs, it is fairly
usual to get ambiguous or indeterminate results. To solve
these problems, a method based on the three following
strategies is proposed.

First, working with orders of magnitude spaces with
variable granularity, in such a manner that all the variables
and the result can be described in different qualitative
spaces, and so the ambiguity or indetermination of the
results is reduced.

Second, unifying the different measurement scales of the
order of magnitude spaces where the variables take their
values in order to make calculus possible.

Third, building a new reference, where, on the one hand,
all the qualitative values of the variables can be seen in
different precision levels, and on the other hand the result
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can be qualitatively described in the most precise way, to
get relevant consequences.

The results of this research are applied to predict credit
risk of bonds issued by a government or company. This
application shows how Qualitative Reasoning techniques,
and particularly orders of magnitude calculus, can be
useful in the financial domain.

The paper gives a brief introduction to the absolute
orders of magnitude model with variable granularity and
the qualitative operators defined on this model. Next, the
process for homogenising the reference scales of different
qualitative variables to be operated is established and
adapted references for qualitative operators, ARQO, are
defined. In Section 5 this methodology is applied to credit
risk evaluation of a firm or an issue of bonds is presented.
The paper ends with some conclusions and also with some
comments about the implementation of this application and
the first results obtained with it.

2 The Absolute Orders of Magnitude Models
with Granularity n, OM(n)

[n this section we give a description of the absolute orders
of magnitude model, that is the framework of this paper.
The model used is a generalisation of the model introduced
in (Trave-Massuyés and Piera 1989). The number of labels
we choose for describing our reality depends on the
characteristics of each problem (Agell 1998).

The absolute orders of magnitude model with
granularity n, OM(n), is built via a real line symmetric
partition in 2n+1 classes:
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Figure 1: The real line discretisation
Each class is named basic description and is represented
by a label in the set S,.
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Finally, the quantity space S is defined by extending S;:
for all X, Y €8,, with x <y, the label [X,Y] is defined as

follows :
X, if Y=0;
Y, it X =0
X v]=

the smallest interval with respect to

. . . if X 0and Y # 0.
the inclusion containing X and Y,

Moreover, it 1s possible to define an order relation <p in
S, induced by the inclusion:

GivenXYe S, X< YwhenXccY.
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The order relation <p stands for “being more precise
than” or “being less general than” and is graphically
illustrated in Figure 2.

For all X S the set B, ={BeS,—{0}: B<, X} is
named the basis of X, and B, ={BeS,:B<, X} the
enlarged basis of X. In an OM(n) g-equality is also
defined. Given XY €S they are g-equal, or X~Y, if there
is a Z €8, such that Z<pX and Z<pY. This means they have
a common basic element.
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Figure 2: The order relation <

It is important to note that the sign algebra 1s an OM(1)
and the orders of magnitude algebra that are defined in
(Travé-Massuyés and Piera 1989) are an OM(3).

Finally, in order to define qualitative operators to deal
with quantitative and qualitative data, it is necessary to
consider the qualitative expression of a set A, denoted by
[Als and defined as the smallest element in S with respect
to the inclusion that contains A.

3 Qualitative Functions and Qualitative
Operators

After the order of magnitude spaces have been introduced,
functions and operators defined on them are considered.

Let S and S* be spaces with granularity n and m,
respectively.

Starting from a real function or a real operator,
qualitative functions or operators can be built in the
following way:

Given f:R——R, the qualitative expression [f] of f
is defined as the function from S to S’ such that, for any
X]'ES,

[0 X ) = [f(Xi)]s: , where f{X; ) = {f(x) | x € X, }.

Thus. the qualitative expression of a real function
assigns to each element X in S the qualitative description
of the subset containing the images of all the real values in
X



Likewise, given a real operator ¢ defined on R* with
values in R, 1e. a real function of k real variables, the
qualitative expression of @, is the operator [¢] defined on
8 with values in S” such that, for all X;, X, ..., Xge S,

[P1(Xy, Xz, ..., Xi=[ @ (Xy, Xz, .., X |y

where @ (X, Xy, ..., Xo)={ @ (X1, Xz, ..., X) | X;€X; Vi}.

That is to say, the qualitative expression of a real
operator with k variables assigns to each k-tuple of
elements (X, Xa, ..., Xi) of S* the qualitative description
of the subset containing the results of the operations of all
the real values in Xl, X, s Xk.

It is important to note that all the variables are defined in
the same orders of magnitude space (same granularity),
although each one can have its own discretisation. A
method to deal with the cases in which the values of the
variables are given in spaces of different granularity is
presented in Section 4.

A qualitative function F (a qualitative operator @) is
consistent with R when there exists a real function f (a real
operator @) such that F=[f] (= [qp]). In this case, the
function f (the operator @) is named a real representative of
the qualitative function F (qualitative operator ).

In order to make the simpler calculations, it is
inferesting to note that consistent qualitative functions and
operators are generable from the basis. That is, the image
of any qualitative label is determined from the images of
the basic labels in S;. Thus, for any F or ® with domain all
the set S, and for any XY €8:

F(X)=[ UF(Bi)} and

B =By

cn(xl,...xk)z[ U(D(Bﬂ,...,Bﬂ():t .
5

B, eBy,
respectively.

4 Adapted References for Qualitative
Operators (ARQO)

4.1 Homogenising Initial References

The problem of having to extract some information from
qualitative values represented in heterogeneous references
is not unusual, due to the fact that each wvariable is
expressed by its own unit and its own discretisation. In
these cases it is necessary to find a common orders of
magnitude space where all of the variables can be
described. This will allow you to apply to them an
adequate operator to them.

If all the variables X1, ..., Xk are described in an orders
of magnitude space with the same granularity and given
from the same discretisation of the real line, they can be
easily operated using qualitative operators consistent with
real ones, that is, qualitative operators which are the
qualitative expression of a real one (Section 3).

3

The problem arises when the discretisations of the real
line that give rise to the orders of magnitude of the
variables X, ..., X, are different.

Let’s suppose that each one of these variables is
qualitatively described via a different set of labels, which
are intervals of the real line, with an odd number of
landmarks given by the experts. This allows having a
central point |; in each set of landmarks, which is necessary
to establish a bijection with the set of landmarks of a
standard OM(n) space.

In order to be able to apply a qualitative operator
consistent with the real line to compose these variables,
three steps will first be taken, applied to each one of the
discretisations of the vanables:

Step 1 First, a translation t,:R——R , ti(x)=x-I; to
transform the central landmark | to 0.

Step2  Second, each reference is symmetnsed with
respect to O (which is now the central
landmark), by adding the symmetric points with
respect to 0 of the landmarks. Thus a symmetric
set of landmarks is obtained.

Step 3 Finally, each one of these sets is extended again,
by adding the necessary number of landmarks,
to obtain the same cardinal for all of them.
These added landmarks are to be chosen by the
experts taking into account, for each variable,
which would be the most convenient intervals to
be subdivided. If the expert has no preference,
the added landmarks are chosen at random.

After these three steps, all the values of X, ..., X, are
described in an OM(n) with the same granularity, but the
discretisations of the real line that give rise to the orders of
magnitude of the variables X, ..., X are different.

Let {ay,..,a.'} be the positive landmarks
corresponding to the variable X, A method for
homogenising all the values of X, .., X, into a new
common reference consists of establishing bijections
between the real line intervals corresponding to the
qualitative labels and the intervals of a new reference.
There will a particular bijection for each variable, and all
of these bijections will be real representatives of the
qualitative function identity in S, [f,]=1dy for all
ie{l,2,..k}.

These functions allow you to preserve the relative
position of any real number with respect to the landmarks
that define its basic qualitative description; that is to say, if
rea;,a], the quotient between the distances from r to a;
and to a;, , or simple ratio, will be the same in the new
reference.

Let’s choose by, ..., byi€ R as positive landmarks of the
unified reference. For each variable X; the bijection f
from R to R 1s determined via a polygonal graphics that
connects the coordinate points: _

(' a{kll;‘bnd)a ('an-il,'b.u-i)s- e :(‘all"b1)=(0-0)s(311=b1)=- )
(an—zlsbn—Z)s(an—ll;bn—l )s
as shown n Figure 3:
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Figure 3: Graphic representation of fi

After the values of the variables are in the same

reference, with landmarks in:

B={'bn—l; s 'bb 0; bla rers bn—l}:
qualitative operators consistent with the real line can be
applied. These operators can be either internal operators in
S, or applications from S* to another orders of magnitude
space S* with granularity m, OM(m).

Nevertheless, it should be pointed out that some of the
elements in B can be not relevant for some of the
variables. This occurs in the case of a variable X; whose
reference has required the addition of some landmarks
either in Step 2 or in Step 3. These added landmarks are
"fictitious", and so their images by the bijection f; are not
relevant for the particular variable X;. Thus, the partition
of the real line defined by B is a "multi-uses" partition, in
which every variable X; can be qualitatively described
taking into account only its relevant landmarks. For
example, if by and bs are relevant for the variable X but b,
1s not, then the most precise qualitative descriptions for the
values of Xj will be given by: Py, [Pz ,Pa]...., whereas P;
and Py cannot be considered separately for X; since they do
not come from any initial qualitative description for X,

4.2 The Adapted Final Reference

When applying a qualitative operator @ = [¢] to a set of
qualitative variables defined in an orders of magnitude
space built via a partition of the real line B, the proposed
adapted reference for the qualitative space OM(m) where
the operator @ take its values is given by landmarks in the
set:
{@(by, bg,.... by), with byeB;},

with B; is the set of the relevant landmarks for X;.

This set of landmarks allows the operator’s values to be
accurately and qualitatively described, ie. with the
precision level that these values require. Moreover, this
choice of landmarks avoids ambiguous or indeterminate
results.

This method of homogenising the initial references and
adapting the final reference to the qualitative operator to be
applied 1s what we call ARQO (Adapted References for
Qualitative Operators).

S An application to Credit Risk Prediction

In this section the defined method is used to classify firms
according to their credit risk. In this case the orders of
magnitude and tendencies of the variables are considered
more relevant than their exact numeric values.

5.1 Case Study: Rating

The rating is a qualified assessment about the nisk of bonds
issued by a government or a company. There are
specialised rating agencies, the most important of which
are Moody’s and Standard & Poor’s. They classify firms
according to their level of risk, using both quantitative and
qualitative information to assign ratings to issues. The final
rating 1s the agency's judgement, and reflects the
probability of issuer default. Predicting the rating of a firm
therefore requires a thorough knowledge of the ratios and

values that indicate the firm’s situation and, also, a

thorough understanding of the relationships between them

and the main factors that can alter these values.

The processes employed by these agencies are highly
complex. Decision technologies involved are not based on
purely numeric models. On the one hand, the information
given by the financial data is used, and the different values
included in the problem are also influential. On the other
hand, they also analyse the industry and the country or
countries where the firm operates, they forecast the
possibilities of the firm’s growth, and its competitive
position. Finally, they use an abstract global evaluation
based on their own expertise to determine the rating.
Moody's ratings are labelled Aaa, Aa, A, Baa, Ba, B, Caa,
Ca. From left to right these rankings go from high to low
credit quality, i.e., the high to low capacity of the firm to
return debt.

The model presented is especially adequate when the
goal is to measure the magnitude of a result, based on the
qualitative descriptions of the variables that participate.
The qualitative descriptions appear when either numerical
values are unknown or the experts use only their orders of
magnitude.

Qualitative reasoning has been applied recently to
business, finance and economics (Alpar and Dilger 1995).
But 1s has to be pointed out that in the 60's some
economists  (Lancaster  1962) made  qualitative
modelisations of economic systems and proved that these
models (induced by sign algebra) can lead to significant
conclusions. In the case of credit nsk prediction, there are
three main reasons that brought us to a qualitative
approach:

e The involved variables have a proper description in
qualitative terms. Often the orders of magnitude and
tendencies of the variables are more relevant than their
exact numeric values.

e The variables involved m credit risk have different
relevance or strength in the global calculation.
Qualitative operators are able to take into account
different degrees of influence.



o The final classification has to be given in a qualitative
set of labels.

5.2 Prediction Strategy

Let V,,..,Vi be the qualitative variables defining the
characteristics of a firm, and V,(C),...,Vi(C) the qualitative
values taken by these variables for a given firm C. Each
one of these variables is qualitatively described via a set of
labels, which are intervals of the real line, with an odd
number of landmarks; provided by the experts.

In order to apply a qualitative operator consistent with R
to these variables, the ARQO method is used. Therefore it
is first necessary to follow the three steps described in
Section 4.1 to each one of the discretisations of the
variables:

After these three steps, the values of V..,V are
described in an OM(n) with the same granularity, and can
be homogenised into a new common reference with
landmarks in a set B={-b,., ..., -b1. 0, by, ..., by }.

Then, in order to obtain a synthesis value that reflects
the credit quality of firm C, a qualitative operator @ is
applied to the former variables:

@: OM(n) x...x OM(n) = OM(m)
taking into account their degrees of influence o,....0n on
the final result. An example of this operator can be the
qualitative expression of a weighted sum or a weighted
arithmetic mean. If ¢ is a real operator with qualitative
expression @, the rating of the firm will be obtained as
follows:

e = ®(V1(C),..., Vi(C)) = [p(V1(C)...., Vi{C)]s.

To define the landmarks of the qualitative space
OM(m), where the operator @ takes values, the adapted
reference of the real line defined in Section 4.2 is used.

The last step involves taking a new discretisation of the
real line in order to express the firm’s rating in a
qualitative space with eight basic labels, and so emulate
Moody’s formerly mentioned levels of credit risk. By
applying a qualitative function from OM(m) into a space
OM(4), which is the qualitative expression of the real
identity, the final evaluation of the firm’s credit nisk is
obtained.

The proposed method is currently being introduced Our
software tool accepts quantitative and qualitative data
defined in an orders of magnitude structure. First the user
must specify the set of landmarks for each variable.
Because of the possibility of varying the granularity, every
data structure in the program is dynamic. The result
supplied by our algorithm is twofold; on the one hand, it
provides the classification of the firms according to their
credit quality, and, on the other hand, it also allows
performance simulations to be carried out by modifying
the values of the variables.

6 Example
This example shows the classification process in a first
approach already implemented. As a first step, the
approach will be applied using just five variables, given by
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accounting ratios, and the strength of their influences on
the credit risk. According to the experts’ knowledge these
ratios are the most relevant in computing credit risk.

The following table shows the ratios and the initial
landmarks, which are provided by the experts and will be
used to define the orders of magnitude.

Variable Initial landmarks
Vi=L {25, 50,75}

V; = ROC {I, 21, 51}

v3 =1IC 10.1,3.}

V¥, = RCF/TD | {0.10, 60}

Vs = MV {0.5,1,1.5}

Tablel: Landmarks of the variables

Each one of the variables has different landmarks. The
first variable, the leverage of the firm, always takes
positive values. It is accepted that a firm’s leverage is very
low when it is under 25, low when it 1s between 25 and 50,
normal when 1t is between 50 and 75, and high when it is
over this value.

The second variable, return on capital, is defined as the
profit on the capital plus debt, and it is qualitatively
measured by comparing it with the interest without risk [
of the country in which the firm operates. In the case of a
multinational company, the interest paid 1in the
headquarters’ country is used. A firm’s ROC is bad when
it 1s under I, normal when it is between [ and 21, good
between 21 and 51, and very good over S1.

Interest coverage is the quotient between profits and
interest. The landmarks 0, 1 and 3 define labels for IC,
which are bad, normal, good, and very good.

The fourth variable, cash-flow over debt, represents non-
distributed cash flow over total debt. It is considered very
bad when it 1s under 0, bad when it is between 0 and 10,
normal between 10 and 60, and good over 60,

Finally, the variable MV represents the firm’s market
value in relative terms, i.e. with respect to the average size
of the sector’s firms. The landmarks 0.5, 1 and 1.5 define
labels for MV, which are low, normal, high and very high.

Each one of the variables the problem involves has its
own description in qualitative terms. Starting from the
previously given experts’ qualitative descriptions, a
symmetric  discretisation, and therefore an absolute
reference to define an orders of magnitude space, will be
considered for each one of the five vanables as described
in Sections 4.1 and 5.2.

After the three steps, translation, symmetrization, and
extension to the same cardinality, the values of the five
variables will be able to be expressed in the absolute
references in Figure4, which will represent the ratios
qualitative orders of magnitude:
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Figure 4: Absolute references of the variables

The homogenisation described in Sections 4.1 and 5.2,
allows you to simultaneously handle the qualitative values
defined by the above discretisations. The bijections are
established in the new absolute reference given in
Figure 5,

-2 -1 o 1 2
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Figure 5: Common absolute reference

At this point, the five variables are all referenced in an
OM(3) with the same landmarks.

The three steps applied to the variables give the
successive landmarks shown in Table 2:

\fa.nablc \'rl VI VJ Vq \-'_l
Tnitial 3, 5075 1215 0,13 0, 10, 60 05,1, 15
Step 1 15,0, 35 10,31 1,02 -10,0, 50 05,0,05
Step 2 25,0, A0 | 21,012 | -50,-10,0,10,50 | -0.5,0, 0.5
Step 3 251001025 [ L4031 | -2-10,I,2 | -50,-100.1050 | -0.5,0.25,0,

0.25,0.5
Homogemised | -2-L01.2 -2,-1,0,1,2 -2-10,12 | 21,002 2,-1,0,1,2
Not relevant | 1.1 1 2,1 21 -1, 1

Table 2: Variation of landmarks

The operator must take into account the influence or
strength of each ratio on credit risk. In order to see how
these ratios summarise the relevant company information,
the following Figure contains a graph that shows the
strength of vanables considered to define the credit

quality.

ROC

IC

RCF
D ++
MV

Figure 6: Influences of the variables.

Using these strengths, a first example would be a simple
qualitative operator, which is the qualitative expression of
a real weighted sum:

T =[1 ], where:
T (X1, Xgyes X5)= =2 X+ X X3,+2 X443 %5, with x,€ R

Now is the time to compute the landmarks of the
adapted reference in order to express the qualitative values
of the aperator. As described in Sections 4.2 and 5.2, these
landmarks are chosen in the set:

{1(by, ba,..., bs)=-2 by+b,+bs+2 bt3 b,
with bje {-2,-1,0,1,2}}}.

In this particular example, the exact set of landmarks is:

{=2 by+ byt bs+2 by+3 bs, with b;eB;},
where B; is the set of relevant landmarks for the variable
Vi, ie, according to table 2: By =Bs; ={-2, 0, 2} and
B;=B;=B, ={-1,0,2}.
This set of landmarks is the set of integers:
L= {—2 h|+ bg"" b3+2 b4+3 bs,
with by, bse{-2, 0, 2}, b, bs, bse{-1, 0,21},
that is:
L={zeZ/-18<z<18}.
Thus, the set of basic qualitative labels corresponding to
the orders of magnitude space S’ is:

S, ={Nig, Nig, Ny, ..., N, Ny, 0, Py, Py, ..., Pys, Prg, Py}
Finally, choosing in set L three positive and three

negative landmarks, gives you a less fine discretisation of

the real line, with eight basic qualitative labels {Aaa, Aa,

A, Baa, Ba, B, Caa, Ca}.
Figure 7: Rating discretisation

Therefore the final qualitative values for the credit
quality will be given in an orders of magnitude space
OM(4) with granularity 4.

The software tool has been used for this example. We
ran the test on eighty well-known American firms whose
Moody’s classification is available to the public. The
results obtained by the software tool for these firms are
shown in Figure 8.
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Figure 8: Results of tests

The firms are represented on the horizontal axis, their
final qualitative label on the vertical one. Numbers from 1
to 8 on the vertical axis represent basic labels from Aaa to
Ca. The label of each classified firm is represented with
two points: the lighter point is its greatest basic qualitative
label, and the darker one is its least basic qualitative label.

For example, firm number 13 has been classified by the
software tool as [Aa,Aaa], and firm number 77 has been
classified as [Baa,AAa].

Thus, the light polygonal joins all the firms’ greatest
basic qualitative labels and the darker one joins their least
basic qualitative labels.

Figure 9 shows the real Moody’s classification of the set
of firms considered. Where comparing these two Figures it
is quite clear that the ARQO method is effective, even
though only five input variables were considered. If the
number of variables considered increases, one expects that
the classification will be more accurate.

1471013618925B3UTOLBPORDBBEIATOTREERBR

Figure 9: Moody’s classification
Conclusion

This paper presents an on-going work, which provides
the concepts and strategies for synthesising qualitative
information from wvariables, each one of which is
qualitatively described in a different way (ARQO).

The system is applied in the financial domain to
evaluate and simulate credit nsk. This approach may also
be applicable to problems in other areas where the
involved variables are described i terms of orders of
magnitude, and the results depend on the given variables
and a set of strengths.

The limitations of the method presented cannot be
evaluated until the implementation is completed and
sufficiently tested.

The proposed method is currently being implemented to
be applied to available data referring to the most important
American and European firms, whose Moody’s rating is
known. The work is currently in the initial process of
empirical application: the construction of the financial data
base for the firms included in the index D.J.500, definition
of the involved qualitative variables, as well as validation
of the degrees of influence of each variable on the final
result.

Some of the on-going tasks consist in:

1. Discovering alternative methods for building a
homogenised reference.

2. Adjusting the weights of the qualitative weighted
sum @, using an historical set of data. In fact, the
weights could be computed initially from
simulation from a set of data instead of using the
experts’ information.

3. Determining the most suitable qualitative operator
®. There exist diverse alternatives to the weighted
sum used in the example:

a). One of them could be a qualitative weighted
mean as defined in (Godo and Torra 1998), that
admits operating qualitative values belonging
to an ordinal scale, and are based on t-norms
and t-co-norms (Schweizer and Sklar 1983).

b). Another possibility would be the development
of qualitative operators to be directly applied
by means of k-input tables.

4. It is also intended to compare the obtained results
with the results furnished by other classifiers used
in  artificial intelligence, such as genetic
algorithms, neural networks or learning systems,
as for example the LAMDA system based on
hybrid logic connectives (Aguado 1998, Piera
1987).

5. Finally, applying Qualitative Norms (Agell 1998)
to compare different orders of magnitude.

Our final words are to note that this work is only the first
experiment with a new and simple idea, though one we are
convinced is promising: the idea of adapting qualitative
references to the operators involved in a real problem
(ARQO).
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