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A bstract

In thisp ap e r,w e de alwith the p roble m ofabstracting
be havio r m odelssuch thattheir le velofgranularity is
ascoa rse asp ossible,butstill̄ ne e nough to car ry outa
give n be havio r p r ediction o r diagnosistask.The fo cus
ison dete r m ining task{de p e nde ntdistinctionswithin
the dom ainsofvariables| i.e. q ualitative values|
thata r e both ne cessa ry andsu±cie nt,give n a m odel
com p osedfro m a library,a granularity ofp ossible ob-
se rvations,anda granularity ofdesiredresults.
W e p r ese nta for m alization ofthe p roble m ,p r ese ntfun-
dam e ntalresultsre gardingthe e xiste nce andcharacte r-
ization ofsolutionsto task{de p e nde ntq ualitative ab-
straction,anddevise a m ethodfor autom atically dete r-
m ining q ualitative value sbasedon a hie ra rchicalre p -
rese ntation ofthe device m odelthatallowsto e xp loit
itssp e cīc structure.
A p rincip ledap p lication isto turn r e al{valuedm odels,
ascom m only usedin industry,into q ualitative m od-
elsto m ake the m accessible to m odel{basedre asoning
m ethods.The r esulting to olsetthuse nhancesthe abil-
ity to use a be havior m odelofan e ngine e r eddevice as
a com m on basisto sup p o rtdi®e r e nttasksalong itslife
cycle.

Introduction
T he incr e asing com p le xity ofe ngine e r edde vices,e.g.in
the dom ain of autom otive syste m s,hasle adto an in-
cr e asedde m andfor com p ute r{sup p ortedbe havior p r e -
diction,diagnosis,andtesting. Model{basedr e ason-
ing isconce rnedwith re p r ese nting knowledge aboutthe
structur e andbe havior ofp hysicalsyste m sin te r m sof
a m odelandusing itto autom ate the above{m e ntioned
tasks.In orde r to m ake itfe asible,the r e a r e two fun-
dam e ntalide as:

²to bre ak dow n knowledge into m odelfragm e ntssuch
thatitcan be r e-usedin orde r to solve di®e re ntp rob-
le m sin va rying conte xts,and

²to for m ulate be havior m odelsata le velofgr anula r-
ity thatisap p rop riate to p rovide an e ®e ctive and
e±cientsolution ofthe resp e ctive p roble m .
The for m e r ide a le adsto com p ositionaldescrip tions

of a syste m 'sbe havior (FF91). A syste m descrip tion

(SD)consistsofvariablesv,dom ainsD O M (vi)andre-
lations(constraints)describing the be havior ofindivid-
ualcom p one nts.Togethe r,the y de n̄e a r e lation R(v)
cap turing the p ossible be haviorsofthe syste m .
T he latte r ide a corr esp ondsto abstraction of a be-

havior m odel. A bstraction m ighta®e ct e ach of the
constitue ntsin SD.Thus,the re a r e thre e basic typ es
of p ossible abstractions: abstraction of va riables,ab-
straction ofdom ains,andabstraction ofthe re lations
betw e e n va riables.
Thisp ap e r isaboutautom ating the transform ation

ofm odelsto a le velofabstraction ade q uate for a sp e-
cīc structure andtask,m uch like an e ngine e r'sability
to com e up with a suitable re p r ese ntation w he n faced
with a ce rtain p r oble m .W e tackle thisp roble m in the
conte xtofdom ain abstraction.

E xam p le

Conside r the syste m de p ictedin ḡure 1.T he de vice is
a sim p līedve rsion of a p edalp osition se nsor usedin
a p assenge r ca r. Itsp urp ose isto delive r inform ation
aboutthe p osition ofthe accele r ator p edalto the ele c-
tronic controlunit(ECU)ofthe e ngine m anage m e nt
syste m . T he E CU usesthisinform ation to calculate
the a m ountoffuelthatwillbe delive redto the ca r e n-
gine.T he p edalp osition issensedin two ways,via the
p ote ntiom ete r asan analogue signal,vp ot,andvia the
idle switch asa binary signal,vsw itch.The idle switch
changesitsstate ata p a rticular value p ossw itching ofthe
m e chanically transfe rr edp edalp osition.The two p os-
sible valuesofvsw itch cor r esp ondto two r angesofvp ot,
se p a ratedby a p a rticular voltage value.T he r e ason for
the r edundantsensing ofthe p edalp osition isthatthe
signalsvp ot andvsw itch a r e cross-che ckedagainste ach
othe r by the on-boa rdcontrolsoftwa re ofthe E CU.This
p lausibility che ck isa safety fe atur e ofthe syste m ,in
orde r to avoidcasesw he r e a w rong am ountofinje cted
fuelevokesdange r ousdriving situations.
A ssum e that,for instance,vgnd liesbetw e e n 0V and

1V ,vbatt liesbetw e e n 9V and10V ,andp ossw itching
e q uals40% ,whe r e 0% m e ansthatthe gasp edalisin
r estp osition,and100% m e ansthatitisfully p ushed
through.Conside r a situation whe r e the E CU r e ceives
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Figure 1: T he PedalPosition Se nsor

the following se q ue nce ofre al{valuedse nsor r e adings:

t= 1: vp ot = 2 :3V;vsw itch = 0:5V
t= 2 : vp ot = 2 :5V;vsw itch = 0:5V
t= 3 : vp ot = 3:4V;vsw itch = 0:4V
t= 4: vp ot = 5:6 V;vsw itch = 0:4V
t= 5 : vp ot = 6 :8V;vsw itch = 0:5V
t= 6 : vp ot = 8:1V;vsw itch = 9:7 V

The m e asure m e ntsre °e cta delayedswitch{ove r be -
havior ofthe switch com p one nt,ascausede.g.by a m e -
chanicalfailure ofthiscom p one nt.Sup p ose w e w antto
p e rfor m the p lausibility che ckbetw e e n the e le ctricalsig-
nalsvp ot andvsw itch autom atically by the m e ansofa be -
havior m odelofthe syste m .W e coulduse a re al{valued
com p one ntm odelfor the p ote ntiom ete r thatp re cisely
re latese ach p osition to a p a rticular p ote ntiom ete r volt-
age vp ot.How eve r,thism odelwouldbe ove rly detailed
for the p urp ose conside red.Itwouldbe unlikely to m e e t
the tightsp ace andrun-tim e r e q uire m e ntsofbeing p art
of the controlunit'son-boa rdsoftwa re,for instance.
Conside r an abstraction ofthisr e al{valuedm odelthat
abstractsvoltage into thre e q ualitative values:

f [0V;2 V );[2 V;8V );[8V;10V )g:
T hisr e p r e se ntation (callthe corr e sp onding syste m de-
scrip tion S D ge neric)issu±cientto re ason aboutsim p le
failuresin the ele ctricalharness,for instance,shortsto
groundor batte ry. Howe ve r,itistoo coa rse{grained
for the above-m e ntionedtask. A tt = t4 andt = t5,
the valuesfor vp ot a r e subsum edby the value [2 V;8V ),
which isconsiste ntwith the switch being eithe r on its
leftor rightp osition. Distinguishing the failure from
the norm alop e ration of the de vice r e q uiresan addi-
tionaldistinction in the dom ain of vp ot,which isnot
re °e ctedin S D ge ne ric.A m or e n̄e-grainedabstraction
for the dom ain ofe ach voltage va riable is

f [0V;2 V );[2 V;4V );[4V;6 V );[6 V;8V );[8V;10V )g:
W ith the cor r esp onding m odelS D base,the failure can
be discove r ed,be cause att5,vp ot = [6 V;8V )isincon-
siste ntwith vsw itch = [0V;2 V ).How e ve r,S D base isun-
ne cessarily n̄e{grainedfor the p urp ose athand.E.g.

the distinction betw e e n [0V;2 V )and[2 V;4V )in the do-
m ain ofvp otisnotre q uiredfor the p ote ntiom ete r m odel.
The de e p e r p r oble m isthatthe re q uireddistinctionsin
the dom ainsofthe va riablescannotbe anticip atedin
ge ne ric m odelsofthe com p one nts.E.g.the se p ar ation
of valuesfor vp ot,asr e q uir edin the e xa m p le,would
notm ake any se nse in a di®e r e ntstructur e.Itisonly
the sp e cīc com bination ofthe p ote ntiom ete r andthe
switch thatre q uiresthisdistinction.W e wouldlike to
obtain com p one ntm odelsthatm ake justthe rightdis-
tinctionsasre q uiredby the be havioralconstraintsof
the device andthe task the m odelisintendedfor.

TowardsQ ualitative A bstraction fr om
FirstPrincip le s
T he e xam p le above hasconfronteduswith the p r oble m
thatsim p ly p icking m odelfragm e ntsfrom a libra ry and
com p osing the m odelisnote nough.Inste ad,the ability
to transfo rm the m odelto the rightlevelofabstraction
afte r com p osing itisa crucialr e q uire m e nt.
T he p roble m isim p ortant,because itim p airsthe

ide a ofusing a m odelasa com m on basisfor di®e re nt
tasks. E.g. for autom otive syste m s,itistyp icalthat
seve r altasksalong a p roduct'slife cycle | such asfail-
ur e m odesande®ectsanalysis(FME A ),on-boa rddi-
agnosticsdevelop m e nt,ge ne r ation ofr e p air m anualsor
w orkshop diagnosis| e ach shar e a signīcantam ount
of com m on knowledge aboutthe be havior of the sys-
te m unde r conside ration.Itwouldbe unacce p table to
m anually cre ate m odelsfrom scratch thata re tailored
to e ach ofthese tasks.
De riving m odelsthata re ade q uate for the task at

handre q uir esa notion ofthe p urpose the m odelisused
for,usually unde rstoodasa q ue ry on the r elationship
of ce rtain va riablesthatne edsto be answ e redbased
on a m odel(FF91),(N ay95).How e ve r,such a notion
ofthe p urp ose of a m odelisoflim iteduse,re garding
the aim to sup p ortdi®e r e ntp r oble m {solving tasks.For
instance,itwouldnotbe help fulin orde r to construct
a m odelfor a diagnostic task w he r e the goalisto dis-
crim inate a m ong di®e r e ntbe havior m odesof a com -
p one nt,or for a p r ediction task w he r e the goalisto
de cide w hethe r a ce rtain outp utva riable,like e.g.brak-
ing force,isabove the r e q uiredlevel.To achie ve this
r e q uir esa m or e ge ne ralnotion thattakesinto account
m ore ofthe goalsandconditionsofp roble m solving.In
p a rticular,itisnecessary to e xp r e ssw hatasp e ctsofthe
outcom e ofthe p r oble m solving p rocessar e inte r esting
or use ful,andwhich inp utsto the p r oble m solving p ro-
cess(i.e. p ossible e xte rnalrestrictions)can occur or
have to be conside red.
More ove r,e xisting ap p roachesto autom atedm odel-

ing ofte n cannotgive gua rante esthattransform ation
m akesthe m odelm ore \op tim al" with r esp e ctto the in-
te ndedtask,andthatthe transfor m edm odelcove rsat
le astthe sam e p hysicalbe haviorsasthe original(base)
m odel. For instance,in (N ay95),whe r e the ultim ate
goalisto ge ne r ate p a rsim oniouscausalexp lanationsof
de vice be havior,itcannotbe gua rante edthatthe trans-



for m edm odelle adsto a m ostp arsim oniouscausalex-
p lanation.Inste ad,the transfor m ationsa re usedasa
he uristicsin orde r to ap p r oach thisgoal.T he devised
sim p līcationsensure thata causalexp lanation can still
be de rivedfrom the transform edm odel.W he r e asthese
asp e ctsar e im p ortantfor the kindoftask p ursuedin
thiswork,the re sulting ap p roxim ation notne cessarily
cove rsthe sam e p hysicalbe haviorsasthe base m odel.
These conside rationshave m otivatedour goalto de-

velop a r̄st-p rincip lesap p r oach to de riving q ualitative
abstractionsof m odelsfrom a gr oundre p r ese ntation,
basedon the following re q uire m e nts:
²the a p p liedtransfor m ation ste p sm ustbe soundab-
stractionsthatguar ante e thatthe r esultcove rsat
le astthe sam e p hysicalsituationsasthe base m odel
(which ise.g.the case for dom ain abstraction);

²the re hasto be a notion of a m odeling goalthatal-
lowsto e xp r e ssw hatasp e ctsofthe outcom e ofthe
p roble m solving p rocesswe ar e afte r;

²the re hasto be a notion of m odeling conditionsthat
allowsto e xp r essw hatinp utsto the p r oble m solving
p rocess(i.e.p ossible e xte rnalrestrictions)can occur;

²the m ethodhasto be a p p licable to arbitra ry rela-
tionalm odels,andnotbe lim itedto restrictedcases
such ase.g.m onotonic functions.

He nce,our goalandcontribution isto m ake e xp licit
task-de pe ndency in orde r to re ason dire ctly aboutsuch
asp e ctsasdesireddistinctions,ne cessary distinctions,
andunne cessary distinctionsin a m odel. The ability
to e xp licitly re ason abouttask-de p e ndency isthe p r e -
re q uisite to autom ate the task of n̄ding q ualitative ab-
stractionsofa m odel.

Task-de p e nde ntQ ualitative A bstraction
T he following se ctionsaddressthe p roble m ofchar ac-
te rizing the ade q uate gr anula rity of be havior m odels
relative to task-de pe nde ntcha racte ristics,nam e ly
²the p ur pose the m odelisusedfor,asgive n by the
setofp ossible solutionsthatw e w antto discrim inate
(e.g.,di®e re ntbe havior m odesfor diagnosis),

²the contextin w hich the m odelisused,asgive n by the
setofp ossible e xte rnalrestrictions(e.g.,obse rvations
corr e sp onding to m e asur e m e nts).
The set of e xte rnal restrictions cha racte rizes the

available \inp uts" to the m odel,while the setofp ossible
solutionscha racte rizesthe \outp uts" thatw e ar e inte r-
estedin w he n solving p roble m susing the m odel.B oth
asp e ctsof task-de p e nde ncy in°ue nce the ap p rop riate
granula rity of the be havior m odel. The y a r e e xp lic-
itly incorp oratedinto the m odel-basedp roble m solving
fra m e w ork by m e ansoftwo di®e re ntabstractions: the
identīcation ofstatesthatne ednotbe distinguished,
given the granularity of solutions(te rm edtargetdis-
tinctions),andthe ide ntīcation ofstatesthatcannot
be distinguished,give n the granula rity of e xte rnalre -
strictions(te rm edobse rvable distinctions).

Targe tDistinctions
Ta rgetdistinctionside ntify solutionsthatneednotbe
distinguishedfrom e ach othe r.Targetdistinctionsgive
rise to abstractionsofa device m odelbe cause the y in-
troduce a \don'tca re " indete rm inism am ong itsbe-
havioralstates.For instance,in be havior analysisfor
FME A ,w e m ightbe inte re stedin the valuesofce rtain
outp utvariablesonly,such asthe torq ue ofthe e ngine
or the braking force atthe w he e ls.A sanothe r e xa m p le,
conside r the task ofdiagnosis,whe re w e a r e inte r ested
only in the p ossible be havior m odesofthe com p one nts.
For on{boa rddiagnosis,itm ighteve n notbe ne cessary
to know the p a rticular be havior m ode of the com p o-
ne nts,butitisinste adonly ne cessary to distinguish
such classesof be havior m odesthatre q uir e di®e re nt
r e cove ry actions.A targetdistinction corr e sp ondsto a
p a rtition:

De n̄ition 1(Tar ge tDistinction) A ta rgetdistinc-
tion,denoted¼targ,isa partition ofthe space D O M (v),
i.e.¼targ = (¼targ;1;¼targ;2 ;:::;¼targ;n).

A variable vi issaidto have no ta rgetp artition ifthe
dom ain p a rtition for visp e cīedby ¼targise q ualto the
trivialdom ain p a rtition ¼triv;i := f D O M (vi)g.

O bse r vable Distinctions
O bse rvable distinctionsidentify statesthatcannotbe
distinguishedfrom e ach othe r.Sim ilar to targetdistinc-
tions,obse rvable distinctionsgive rise to abstractionsof
a m odelbe cause the y introduce a \don'tknow " inde-
te rm inism a m ong the be havioralstatesofa device.O b-
se rvable distinctionsre °e ctthe granularity ofe xte rnal
r estrictionsto the m odel.The y a r e a m e ansto e xp r ess
m e asur e m e ntgranula rity or incom p lete obse rvability of
va riables.The latte r case occurse.g.in on-boarddi-
agnosis,whe r e only ce rtain va riablescor r esp onding to
the se nsor inp utsare obse rvable. N ote thatobse rva-
tionsar e only a sp e cialcase of e xte rnalrestrictions,
which couldalso corr esp ondsp e cīcationsgive n by the
use r or hyp otheticalsituationsasconside rede.g.in an
FME A .A nalog to targetdistinctions,obse rvable dis-
tinctionscan be r e p r ese ntedasa p a rtition:

De n̄ition 2 (O bse rvable Distinction) A n obse rv-
able distinction,denoted¼obs,is a partition ¼obs =
(¼obs;1;¼obs;2 ;:::;¼obs;n).

A va riable vi isnotobse rvable atallif itsdom ain
p a rtition ¼obs;i ise q ualto the trivialp a rtition.
T he r e isa duality betw e e n dom ain p a rtitionsanddo-

m ain abstractions. A dom ain p a rtition ¼i can be un-
de rstoodasa m a p p ing

¿i : D O M (vi)! 2 D O M (vi)

from a base dom ain to a transform eddom ain thatcon-
sistsofsetsofele m e ntsofthe base dom ain.De p e nding
on the situation,the r̄stvie w or the se condm ightbe
m or e conve nie nt.



De n̄ition 3 A qualitative abstraction p roble m QA P
isa tuple (R;¿obs;¿targ),whe re ¿obs isa dom ain ab-
straction de n̄edby obse rvable distinctions,¿targ isa
dom ain abstraction de n̄edby targetdistinctions,and
R isa relationalbe havior m odel.
The solutionsto a q ualitative abstraction p roble m

a r e give n by a dom ain p artition ¼,which corr e sp onds
to a dom ain abstraction ¿.If¿ containssu±cientdis-
tinctionsto de rive allinform ation aboutthe resulting
solutions,itisdenoteddistinguishing dom ain abstrac-
tion:
De n̄ition 4LetQA P = (R;¿obs;¿targ) be a quali-
tative abstraction p roble m . A distinguishing dom ain
abstraction for QA P isa dom ain abstraction ¿ind =
(¿ind;1;:::;¿ind;n)such thatfor the conside redexte r-
nalrestrictionsRe x t µ ¿obs(D O M (v)),the abstracted
m odelde rivesa solution S O L µ¿targ(D O M (v))ifand
only ifthe base m odelde rivesthe sam e solution:

¿targ(R ./ Re x t)= S O L
, ¿targ(¿ind(R)./ ¿ind(Re x t))= S O L :

The r e q uire m e nte xp r e ssedin de n̄ition 4m e ansthat
ifw e a r e give n an e xte rnalr estriction on the levelofob-
se rvable distinctions,the n a p p lying the distinguishing
dom ain abstraction ¿ind be fore dete rm ining the re sult
doesnotchange the r esulton the le velof the ta rget
distinction. T hatis,the abstractedbe havior m odel
containssu±cie ntdistinctionsfor the task.
The r e m ightexistm or e than one p ossible dom ain ab-

straction thatful̄llsthiscrite rion. In p a rticular,the
dom ain abstraction ¿id cor r esp onding to identicalm a p -
p ing andthe m e rge ofthe obse rvable andtargetdis-
tinctions

¿merge := M E RGE (¿obs;¿targ)

contain su±cientdistinctionsto be distinguishing do-
m ain abstractions.Thus,w e also have to state the r e -
q uire m e ntthata q ualitative abstraction containsonly
necessary distinctions.A m axim alabstraction gua ran-
te esthatany n̄e r abstraction incorp or atesdistinctions
thata re unne cessary:
De n̄ition 5 LetQA P = (R;¿obs;¿targ)be a qualita-
tive abstraction p roble m . A distinguishing dom ain ab-
straction ¿ind isa m axim aldistinguishing dom ain ab-
straction for QA P ,ifthe re doesnotexista distinguish-
ing dom ain abstraction ¿0

ind for QA P such that¿ind is
a strictre n̄e m e ntof¿0

ind.
A m axim alabstraction incorp oratesonly distinctions

thata re both ne cessary andsu±cie ntaccording to the
ta rgetandobse rvable distinctions.Itre p r ese ntsa level
of abstraction thatisade q uate to solve the p roble m ,
asitneithe r m akesany unne cessary distinctions,nor
doesitabstractaway any distinctionsthatar e crucial
to solve the p roble m .
A m axim aldistinguishing dom ain abstraction thus

cap tur esthe intuition be hinda q ualitative m odel.More
p r e cisely,itfor m alizesthe p r oble m of n̄ding q ualita-
tive valuesfor the dom ainsof va riables: n̄ding ¿ind

m e ans n̄ding setsofq ualitative valuesfor the individ-
ualva riablesvi. W e use the te rm induceddistinction
for the dom ain p a rtition corr e sp onding to ¿ind.A n in-
duceddistinction e xp r e ssesandform alizesour goalof
dete r m ining q ualitative valuesfor m odelva riablesfrom
r̄stp rincip les.
De n̄ition 6 LetQA P = (R;¿obs;¿targ)be a qualita-
tive abstraction p roble m .QA P issaidto be
²com plete,if each Re x t µ ¿obs(D O M (v)) hasto be
conside redaspossible e xte rnalrestriction,

²m inim al,if 8vi;0 2 D O M (vi): vi;0 2 ¦vi(R),i.e.
none of the dom ainscontainsredundantvalues(see
also (Tsa9 3));

²obse rvable, if 8S O L 2 ¿targ(R(v)), 9Re x t µ
¿obs(D O M (v))s.th.S O L = ¿targ(R ./ Re x t),

²consistent,if ¿obs(R)= ¿obs(D O M (v)),i.e. allex-
te rnalrestrictionsare consistentwith the m odel.
T he condition to be consiste ntisnota restriction,

for a give n QA P can be m odīedin such a w ay that
thiscondition issatis̄ ed. The p rincip le isto antici-
p ate p ossible r e visionsin the be havior m odel,in the
e xtre m e case by adding unknow n be havior m odesthat
cor r esp ondto unrestrictedbe havior ofcom p one nts.

InducedDistinctionsvs.Inte r change ability
T hissection showsthatthe p roble m of n̄ding inte r-
change able valuesin constraintsatisfaction (Fr e 91)can
be r e constructedasa sp e cialcase of a QA P . Fully
inte rchange able valuesde n̄e e q uivale nce classeson the
setofdom ain values.T hus,re p lacing fully inte rchange-
able valuesby a single ne w dom ain value corr esp onds
to a sp e cialcase ofdom ain abstraction:
De n̄ition 7 For a relation R,the dom ain abstrac-
tion ¿F I ;R isde n̄edby the dom ain pa rtitions ¼i =
f P i;1;P i;2 ;:::;P i;kg give n as
val1;val2 2 P i;l :, ¦:::;vi¡1;vi+1;:::(¾vi=val1(R))=

¦:::;vi¡1;vi+1;:::(¾vi=val2(R)):
In ¿F I ;R,two valuesval1;val2 ap p e a r in the sa m e

p a rtition ele m e ntifandonly ifthe y belong to tup lesof
the relation thatdi®e r only w.r.t.the value for variable
vi,andare e q ualfor allthe othe r va riables.
Pr op osition 1LetQA P be a com plete andm inim al
qualitative abstraction p roble m such that¿obs = ¿id,
¿targ= ¿triv.The n the m axim aldistinguishing dom ain
abstraction ¿ind fo r QA P isequalto ¿F I ;R.
Since n̄ding fully inte rchange able valuesisN P-ha rd,

the p rop osition im p liesthat n̄ding induceddistinc-
tionsisalso N P-ha rd.

Dete r m ining InducedDistinctions
In the following,w e assum e thatthe give n q ualitative
abstraction p roble m QA P iscom p lete,m inim al,and
obse rvable. In addition,w e assum e that¿ind isthe
m e rge ofan abstraction ¿0

obs of¿obs andan abstraction
¿0
targ of¿targ.Itwillbe show n thatin thiscase the r e
e xistsa uniq ue solution for QA P .



The or e m 1LetQA P be a com plete,m inim al,andob-
se rvable qualitative abstraction p roble m . If ¿ind is a
m axim aldistinguishing dom ain abstraction for QA P ,
then ¿ind isthe m e rge of an abstraction of ¿obs with a
re n̄e m e ntof¿targ,i.e.¿ind = M E RG E (¿0

obs;¿targ).
The or e m 1im p liesthatthe source for abstraction of

the induceddistinctionscan only be abstractionsofthe
obse rvable distinctions.
The sp ace for e xte rnal restrictions is give n

by ¿obs(D O M (v)). For e ach tup le O B S k 2
¿obs(D O M (v)), de n̄e RO B S ;k to be the join of
the obse rvation with the m odelrelation:

RO B S ;k := R ./ O B S k:

B e cause the obse rvations a re com p lete,i.e. e ach
O B S k 2 ¿obs(D O M (v)) is conside r ed,the RO B S ;k
cove r the m odelr elation.B e cause the O B S k a r e m u-
tually disjoint,the RO B S ;k a r e m utually disjoint. It
followsthatthe ele m e ntsofthe set

­(R;¿obs):= f RO B S ;kg
for m a p a rtition ofthe m odelrelation R.Letfurthe r
RS O L ;k be the solution obtainedfor RO B S ;k on the level
of¿targ,i.e.

RS O L ;k := ¿targ(RO B S ;k):

T he n the RO B S ;k thatobtain the sa m e solution,i.e.
for w hich RS O L ;k ise q ual,form a p a rtition ofthe set
­(R;¿obs).LetRS O L ;O B S ;k be de n̄edby

RS O L ;O B S ;k :=
[

j

RO B S ;j8js.th.RS O L ;j= RS O L ;k:

T he n the ele m e nts of the set of allsuch re lations
RS O L ;O B S ;k,denoted

§(R;¿obs;¿targ):= f RS O L ;O B S ;kg
for m a p a rtition ofthe set­(R;¿obs).In othe r w ords,
§(R;¿obs;¿targ)de n̄e sa p a rtition of the m odelrela-
tion thatisan abstraction ofthe p a rtition ofthe m odel
relation de n̄edby ­(R;¿obs).
The or e m 2 (Su±cie ntCondition)LetQA P be a
com plete,m inim alandobse rvable qualitative abstrac-
tion p roble m . If ¿ind isa m axim aldistinguishing do-
m ain abstraction for QA P ,then ¿ind;i isa re n̄e m e nt
of any dom ain partition ¼i = f P i;1;P i;2 g give n by
P i;1= ¦i(¿obs(RS O L ;O B S ));P i;2 = D O M (vi)nP i;1

whe re RS O L ;O B S 2 §(R;¿obs;¿targ):

The following the or e m p r ese ntsthe com p lete solution
to the p r oble m ofde riving induceddistinctions.
The or e m 3 (Com p le te C ondition)LetQA P be a
com plete,m inim al,obse rvable andconsistentqualita-
tive abstraction p roble m . The n ¿ind is give n as the
m e rge ofthe targetdistinctionswith any dom ain parti-
tion ¼i give n by

¿F I ;¤ whe re ¤ := ¿obs(RS O L ;O B S )
andRS O L ;O B S 2 §(R;¿obs;¿targ):

T he or e m 2 andthe ore m 3 can be conside redaslim it-
ing casesin a sp e ctrum ofde n̄itionsthatva rieson how
m uch detailedthe ele m e ntsofthe set§(R;¿obs;¿targ)
are distinguishedfrom e ach othe r. W hile the or e m 2
conside rs only di®e re ncestaking into accountsingle
va riables,the or e m 3 conside rsdi®e r e ncestaking into
accountallva riables.
Thiscoincideswith the intuitive ide a thatdom ain

valueshave to be distinguishedif eithe r the dom ain
valuesthe m selvesalre ady le adto di®e re ntsolutions,or
the dom ain valuesle adto di®e re ntsolutionsifcom bined
with additionalrestrictionsfor othe r variables.

Com p uting Task-de p e nde ntModel
A bstractions

T he com p utation of¿ind for a QA P involves,basedon
the the or e m sabove,the subp roble m sof constructing
the m odelr elation R,che cking (or e stablishing)the p r e-
conditionsfor ap p lying the the or e m s,andcom p uting
the p a rtition §(R;¿obs;¿targ).

Com p utation ofModelR e lations
Dete rm ining the m odelr elation R can in p rincip le be
done by com p uting the join ofthe re lationsRC ;i for the
individualcom p one ntsC i,i.e.

R(v)= RC ;1./ RC ;2 ./ :::./ RC ;n:

How eve r,R(v)can be e xtre m e ly large. T he num be r
of tup lesin R(v)grows,in worstcase,e xp one ntially
with the num be r of the va riablesandthe size of the
dom ains. Thus,we ne eda re p r ese ntation of R that
isim plicit,butstillallowsto e±ciently ca rry outthe
ne cessary op e rations.
In e ngine e r eddevices,itistyp icalthatthe inte rac-

tionswillbe m ediatedthrough se ve ralcom p one nts(i.e.
de n̄edinte rfaces,buses,sup p lies),anditisunlikely
thate ve ry va riable directly a®e ctse ach othe r va riable.
T hus,in a constraintsatisfaction p r oble m (CSP)as

de n̄edby the be havior m odele.g. of an autom otive
syste m ,subp roble m scan be e xp e ctedto occur thatar e
signīcantly sm alle r than the com p lete CSP.
Te chniq uesr e fe r r edto assolution synthesisandde-

com p osition in constraintsatisfaction (Tsa93; W F99)
aim atsyste m atically e xp loiting such p roble m {sp e cīc
fe atur es. T he y op e rate on a r e p r ese ntation of a CSP
asa gra p h. Gra p h re p r e se ntationsfor CSPscan be
constructedin two w ays,eithe r asa p rim alconstraint
gra p h or asa dualconstraintgrap h.A dualconstraint
gra p h r e p r e se nts e ach constraint by a node (called
m eta-variable)andassociatesa labeledarc with any
two nodesthatshar e va riables. The a rcsa re labeled
by the sha redva riables.Thus,a dualconstraintgra p h
r e p r e se ntation transform sany CSP to a sp e cialtyp e of
bina ry CSP,w he r e the dom ain of the m eta{va riables
rangesove r allvalue com binationsp e r m ittedby the
cor r esp onding constraint,andadjace ntm eta{va riables
a re r estrictedby e q uality constraintsstating thattheir
shar edvariablesm usthave the sam e values.



De n̄ition 8 (Meta-V ariable ) A m eta{variable cor-
responds to a subset S = (vk1;vk2 :::;vkn) of
variables of a ground CSP. The dom ain values
of the m eta{variable are tuples of the relation
D O M (vk1)£D O M (vk2 )£:::£D O M (vkn)with sche m e
vk1;vk2 :::;vkn.

The dualconstraintgra p h for a syste m descrip tion
SD willbe calledthe SD Grap h.In an SD Gra p h,the
m eta{va riablesa re give n by the com p one ntbe havior
descrip tionsRC ;i,andthe a rcsa re give n by the va ri-
ablesin SD.

Hie r ar chicalCluste ring ofSyste m De scrip tions
Dechte r andPe arl(DP88)obse rve thatdire ctionala rc
consistency (DA C)issu±cientfor dete r m ining global
consistency in a tre e{structured(acyclic)CSP.T hus,
the basic ide a to de rive the m odelrelation from an SD
Gra p h isto transform the SD Grap h into a tre e r e p r e -
se ntation,eve n ifthe originalSD Gra p h re p r e se ntation
ofthe syste m descrip tion doesnotcorr esp ondto a tre e.
T hiscan be achievedby syste m atically form ing la rge r
cluste rs(i.e.new m e ta{va riables)andarranging the m
hie ra rchically in the form ofa SD Tr e e :

De n̄ition 9 (SD Tr e e ) A SD Tree isa tree whose
leaf nodesare the nodesof the SD Grap h,andthe in-
te rm ediate nodesare m eta{variablescorresponding to
the com bination of m eta{variablesofthe SD Grap h.A
SD Tree iscalledm inim al,i® each m eta{variable re p-
rese ntsonly value com binationsthatare consistentwith
the m odelrelation.

In a SD Tre e,the m e ta{va riablescan be inte rp r eted
assup e r{com p one nts(cluste rs) form edfrom com p o-
ne ntsofthe originalsyste m descrip tion.Cluste ring is
accom p lishedby re p e atedly identifying cliq uesin the
SD Gra p h,andbuilding a ne w m e ta{va riable for a
cliq ue by elim inating the a rcsbetw e e n the nodesin
the cliq ue. T he nodesofthe cliq ue the n be com e the
childre n ofthe ne w m eta{variable in the tre e .A sp e -
cialcase occursw he n the conside redcliq ue consistsof
a single node,i.e.w he n the a rcsto be elim inatedare
self{arcsthatr e fe r to a single m eta{va riable. In this
case,the cor r esp onding node in the SD Tr e e (w hich
w ouldothe rwise have a br anch factor of one)can be
r e p r ese ntedtogethe r with itschildnode asa single e n-
tity by attributing nodes x in a SD Tre e both with a
m eta{va riable M V (x )asoutlinedabove anda m eta{
variable M Vshared(x )with reducedsche m e com p rising
only variablesfurthe r sha redwith othe r m eta{variables:

Pr ocedur e R educe(x,ns)

s := sch eme(M Vshare d(x ))= sch eme(M V (x ))nns;
D O M (M Vshared(x ))= ¦s(D O M (M V (x ))):

A lgorithm (Ge ne r ation ofSD Tr e e )

Ste p 1For e ach node x in the SD Gra p h,letns be
labelsofself{arcsof x .CallRe duce(x ;ns).R e m ove
self{arcsof x in the SD Gra p h.

Ste p 2 Ide ntify a cliq ue in the SD Grap h.
Ste p 3 B uilda new node y for cliq ue x 1;x 2 ;:::;x k
conne ctedby a rcslabeledwith va riabless.Set

sch eme(M V (x ))=
[

i=1;:::;k

sch eme(M V (x i));

D O M (M V (x ))=./i=1;:::;k D O M (M Vshared(x i)):

T he nodesx 1;x 2 ;:::;x k be com e the childre n ofyin
the SD Tr e e .

Ste p 4R e p lace the cliq ue x 1;x 2 ;:::;x k by yin the SD
Grap h.

Ste p 5 C allp rocedure Re duce(y;s).
Ste p 6 Proce edwith ste p 1 untilthe r e a r e no m or e
a rcsleftin the SD Gra p h.

In a SD Tr e e ,for e ach va riable vi in the syste m de-
scrip tion,the re e xistsexactly one node x such that
vi 2 sch eme(M V (x ))nsch eme(M Vshare d(x )).SDTre e
ge ne ration can be view edofasa m ethodto transform
an a rbitra ry CSP corr e sp onding to a syste m descrip tion
to a ne w CSP w hose constraintgra p h ise q ualto a tr e e.
T he num be r ofm eta{variablesin the SD Tre e isbound
by c+ s¡1,whe re c isthe num be r ofcom p one ntsand
s·n the num be r ofsha redva riablesin the syste m de-
scrip tion.For a give n syste m descrip tion,di®e re ntSD
Tre e sa re p ossible,cor r esp onding to di®e re ntwaysof
choosing cliq uesin ste p 2 ofthe algorithm .
Minim ality ofthe SD Tr e e isachie vedby establishing

dire ctionalarc consistency betw e e n the m eta{va riables
ofthe SD Tre e . T he com p le xity for thisop e ration is
O (m¢k2 ),whe r e m isthe num be r ofm e ta{va riablesin
the tre e,andk the (m axim um )dom ain size of m eta{
va riables.A m inim alSD Tre e im p licitly re p r e se ntsthe
m odelrelation R.Figur e 2 showsan e xa m p le ofa SD
Tre e for the p edalp osition se nsor (the E CU com p one nt
isnotcontainedin the m odel).

x1

x4

x3

Node1

Node2 Battery

x2

Pedal Potentiometer Switch

Figur e 2 : SD Tre e for the PedalPosition Se nsor



Com p uting InducedDistinctions
B asic op e rationsne cessary to com p ute ­(R;¿obs)and
§(R;¿obs;¿targ)can be ca r riedoute±ciently using an
SD Tre e ,withoutthe ne edto r e fe r to the base m odel
relation R e xp licitly.Com p uting ­(R;¿obs)am ountsto
dete rm ining the p a rtition ele m e ntsRO B S ;k µ R that
a re consistentwith di®e re nttup lesof ¿obs(D O M (v)).
Com p uting §(R;¿obs;¿targ)am ountsto dete r m ining,in
turn,p a rtition ele m e ntsRS O L ;O B S ;k for ­(R;¿obs)that
a re consistentwith di®e r e nttup lesof¿targ(D O M (v)).
For a p artition ¼ = (¼1;:::;¼n)corr e sp onding to a do-
m ain abstraction ¿,the following algorithm dete r m ines
the p a rtition ele m e ntsofR thata re consistentwith dif-
fe re nttup lesof¿(D O M (v)):

A lgorithm (SD Tr e e Partition)
Ste p 1For e ach node x , set the p artition ¼x of

D O M (M V (x ))e q ualto the trivialp a rtition.
Ste p 2 Choose a va riable vi anda p a rtition ele m e nt

P i 2 ¼i.
Ste p 3 Dete rm ine ¾vi= P i(R).For e ach m eta{va riable

M V (x ),thisyieldsa p a rtition ¼0
x = f P con;P incon g

whe r e P con denotesthe dom ain valuesconsistentand
P incon the dom ain valuesinconsiste ntwith P i.

Ste p 4Me rge ¼x with ¼0
x .

Ste p 5 Proce edwith ste p 2 untilallvariablesandall
p artition ele m e ntsof¼ have be e n conside red.

Using the algorithm above,­(R;¿obs)isobtainedas
the SD Tre e p a rtition for ¼obs.§(R;¿obs;¿targ)can in
turn be obtainedasthe SD Tre e p a rtition for ¼targ \on
top " ofthe SD Tr e e p a rtition ­(R;¿obs).
The im p licit r e p r e se ntation of ­(R;¿obs) and

§(R;¿obs;¿targ)through p artitions of m e ta{va riables
in the SD Tre e collap sesthe ove rallnum be r of p a rti-
tion ele m e ntsthata re ne ededto be r e p r e se nted.W hile
e.g.­(R;¿obs)can contain asm any ele m e ntsastup les
in R,the re a r e m axim ally m¢k p a rtition ele m e ntsin
an SD Tre e,w he r e ism the num be r of nodesin the
SD Tre e andk the m axim aldom ain size of a m eta{
variable.T he r e sultisan im p licitr e p r e se ntation ofthe
p a rtition §(R;¿obs;¿targ)through p a rtitions¼§ ofthe
m eta{va riablesin the SD Tre e.
The or e m 4For a m odelrelation R give n asan SD
Tree,§(R;¿obs;¿targ)can be com p utedin tim e polyno-
m ialin n,o,t,m andk,whe re n isthe num be r of
variables,o andt the m axim alnum be r of e le m e ntsin
the dom ain pa rtitions¼obs;i and¼targ;i,m the num be r
of m eta{variablesin the SD Tree,andk the m axim al
dom ain size of a m eta{variable.
The ne cessary p r e conditionsfor ap p lying the the o-

re m sin the p r e vioussection (de n̄ition 6 )to a q uali-
tative abstraction p roble m QA P can be che ckedwith
the sa m e e ®ort(se e (Sac01)).For instance,m inim ality
can be dete rm ined(or,alte rnatively,be established)by
p ro je cting e ach m e ta{va riable on the va riablesoccuring
in itssche m e .
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Figure 3: C om p one ntsofthe A Q UA fra m e w ork

A Prototyp ic Syste m for
Task-de p e nde ntQ ualitative A bstraction
T he m e thodsoutlinedin the p r e viousse ctionshave
be e n im p le m e nted in a p rototyp ic syste m te rm ed
A Q UA (A utom atedQ ualitative A bstraction).Itbuilds
on com p one ntsof an e xisting m odel{basedre asoning
fra m e w ork calledR az'r thatconsistsofa develop m e nt
syste m for de n̄ing dom ains,constrainttyp esandde-
vice structuresfor com p osing syste m descrip tionsanda
runtim e syste m for p e rfor m ing be havior p r ediction and
diagnosis.In addition to the basic R az'r com p one nts,
A Q UA consistsof(̄gure 3)

²a com p one ntfor Com p utation of InducedDistinc-
tionsthatdete r m inestask-de p e ndentq ualitative ab-
stractionsbasedon the algorithm sdescribedabove ;

²a Syste m Description Gene rator thatap p liesdom ain
abstractionsto a (re al{valuedor n̄ite)syste m de-
scrip tion,transfor m ing it(in p articular,the involved
constrainttyp es)to the sp e cīedlevelofgranula rity;

²a SignalTransfor m ation Module thatge ne ratesq ual-
itative obse rvationsby ap p lying dom ain abstractions
to num e rical(tim e{va rying)data.

Using A Q UA ,se ve raltaskscan be sup p ortedin the
conte xtof m odel{basedp roble m solving that,up to
now,esse ntially hadto be ca r riedoutm anually.Con-
side r again the de vice show n in ḡur e 1.For the base
m odelS D base,the dom ain w as

f [0V;2 V );[2 V;4V );[4V;6 V );[6 V;8V );[8V;10V )g:

for va riablesinvolving voltage.A ssum e

f 0% ;2 0% ;40% ;6 0% ;80% ;100% g

to be the dom ain for variablesinvolving p osition.The
factthatthe controlunitobse rvesthe signalfrom the
p ote ntiom ete r andthe signalfrom the switch can be
e xp r essedby the obse rvable distinction

¼obs;vp ot = f f [0V;2 V )g;:::;f [8V;10V )gg;
¼obs;vsw itch = f f [0V;2 V )g;:::;f [8V;10V )gg:



The ta rgetdistinctionsa re dete rm inedby the goal
to distinguish betw e e n the dom ain valuesfor the va ri-
able vsw itch (assum e the p lausibility che ck itselfisnot
re p r ese ntedin the m odel):

¼targ;vsw itch = f f [0V;2 V )g;:::;f [8V;10V )gg:
B asedon these inp uts,A Q UA dete rm inesa p artition

for vp ot thatconsistsofthre e p a rtition ele m e nts:

f f [0V;2 V );[2 V;4V )g;f [4V;6 V )g;f [6 V;8V );[8V;10V )gg:
T he r esulting abstractedbe havior m odelS D transform
hasa tup le sp ace of9 2 16 .T he originalm odelS D base,
in contrast,hada tup le sp ace of5:6 ¢107 .Com p a r edto
the m odelS D ge neric,the de rivedm odelS D transform
usesthe sa m e dom ain size for vp ot (i.e. the tup le
sp ace ise q ual),butitism ore ade q uate in the conte xt
ofthe sp e cīedtask. For the granularity ofthe base
m odelS D transform,the signaltransform ation com p o-
ne ntyieldsfour q ualitative obse rvationsattim e p oints
t= 1,4,5 and6 ,resp e ctively.For tim e p ointt= 5,the
runtim e syste m dete ctsan inconsiste ncy ofS D tranform
with the obse rvations. The runtim e for diagnosisis
0.2 56 se conds,which isabout43% lessthan for the
n̄e r{gr ainedm odelS D base,which corr esp ondsroughly
to the reduction ofthe dom ain size ofvp ot.Thise xam -
p le illustratesA Q UA 'sability to sup p ortthe m odeling
p roble m ofdete rm ining distinctionsfor the dom ainsof
variablesthata re e ssentialfor a ce rtain task.

Discussion
T hisp ap e r ide ntīesfundam e ntalp rop e rtiesof q ual-
itative abstraction thatisbasedon dom ain abstrac-
tion andre ve alsrelationship sbetw e e n q ualitative r e a-
soning andconstraintsatisfaction techniq uesto struc-
ture p roble m sandcom p actly describe their solutions
(Fre 91),(W F99).
A Q UA o®e rsa p rincip ledway to turn base be havior

m odels(also re al{valuedm odels,ascom m on in indus-
trialap p lications)into q ualitative m odelsin orde r to
m ake the m a m e nable to m odel-basedp roble m solving
m ethods. In thisway,A Q UA can be se e n asa con-
tribution to bridging the gap betw e e n q uantitative and
q ualitative m odeling,a p roble m thathasbe e n ide ntīed
asone ofthe m a jor roadblocksto a m or e wide{sp re ad
use ofm odel{basedre asoning techniq ues.
Q SIM anditsextensions(K ui94)incor p or ate m e th-

ods for de riving landm a rks and p e rfor m ing se m i-
q uantitative re asoning basedon a be havior m odel,how-
eve r,only within the conte xtofsim ulation ofde vice be -
havior ove r tim e.A nothe r di®e r e nce isthatA Q UA can
p rocessarbitra ry re lationsandisnotlim itedto p r e{
de n̄edalge braic constraintssuch asaddition or m ulti-
p lication.E.g.,(Sac01)p re se ntsan ap p lication w he r e
q ualitative valuesa re de rivedfor a m odelinvolving a
diesele ngine describedby a char acte ristic m a p .
The m ethodsdevisedfor com p uting q ualitative ab-

stractionsa re basedon the SD Tre e asa data structure
that\com p iles" a m odelrelation into a an im p licitre p -
re se ntation in orde r to avoidcom binatoriale xp losion.

A sthe com p utationalcom p le xity ofde riving induced
distinctionswith an SD Tre e can be boundto struc-
turalp r op e rtiesof the syste m descrip tion,thiso®e rs
a basisto ide ntify tractable subsetsof q ualitative ab-
straction p r oble m s.T he p rincip le isthatifthe m axi-
m alsize of m eta{va riablesisbounded,then the com -
p le xity ofde riving task{de p e ndentq ualitative abstrac-
tion isp olynom ial(se e also the or e m 4).R esistive net-
works(R an98)a re a sp e cialclassofdevicesthatcan
be m odeledby com p one nttyp esdescribing the ge ne r-
ation,transp ortation andconsum p tion of e ne rgy.For
cluste ring such com p one nttyp es,the r esulting sup e r{
com p one ntshave the sa m e r e lation typ esasthe orig-
inalcom p one nt relations (called\closur e p r op e rty"
in (R an98)). Conse q ue ntly,for be havior m odelsde-
scribing r esistive networks,the m axim alsize ofm eta{
va riablesisboundedby the size ofthe originalcom p o-
ne ntr elations,andhence such de vicescorr e sp ondto a
classofp roble m sfor w hich task{de p e nde ntq ualitative
abstraction istractable.
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