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Abstract

This paper proposes a qualitative representation
for kinematic robots. First, qualitative geometric
primitives are introduced by combining a qualita-
tive orientation component and qualitative transla-
tion component using normalisation. A position in
Cartesian space can be mathematically described
by the scalable primitives. Secondly, the qualita-
tive positions of the components of a robot are de-
rived in terms of qualitative geometry primitives.
Thirdly, the representation shows how to connect
both quantitative and qualitative representation of
the robot. On the one hand, the integration of
normalisation and domain theory generates nor-
malised labels to introduce the cognitive parame-
ters into the proposed representation. On the other
hand, the normalized labels of this representation
can be converted to a quantitative description us-
ing a proposed generator, whose numeric outputs
provide a connection to numeric techniques (e.g.
interpolation).

1 Introduction
There exists an interesting gap between traditional robotics
and cognitive robotics, or robot motion and human percep-
tion. The reason is two-fold. On the one hand, research in
robotics has traditionally emphasized low-level sensing and
control tasks including sensor processing, path planning and
robot design and control; on the other hand, research in cogni-
tive robotics is concerned with endowing robots and software
agents with higher level cognitive functions that enable them
to reason, act and perceive in changing, incompletely known,
and unpredictable environments. This gap is one of crucial is-
sues for interdisiplinary research in the engineering commu-
nity, robotics community and AI community. It emphasises
the goal of robotics research that “robotics is the intelligent
connection of perception to action” [Brady, 1985].

Research on qualitative reasoning � model-based technol-
ogy can be found in [Weld and de Kleer, 1990; Williams
and de Kleer, 1991; Faltings and Struss, 1992; Bredeweg
and Struss, 2003]. Generally speaking, there are two ap-
proaches to qualitative spatial representations [Forbus, 1996;
Blackwell, 1988]. One is to explore what aspects do lend

themselves to qualitative representation, the other is to use
a quantitative representation as a starting point and compute
problem-specific qualitative representations to reason with.
Cohn and Hazarika [Cohn and Hazarika, 2001] gave suffi-
cient overview of qualitative spatial representation and rea-
soning techniques by investigating the main aspects of the
representation of qualitative knowledge including ontologi-
cal aspects, distance, orientation and shape, and qualitative
spatial reasoning including reasoning about spatial change.
The representation of qualitative kinematics is the best de-
veloped field in qualitative spatial representation. Its history
can be covered by the following research work. Firstly, The
possible motions of objects are represented by qualitative re-
gions in configuration space representing the legitimate posi-
tions of parts of mechanisms [Faltings, 1992]. Faltings built
upon Nielsen and Forbus’ earlier work on qualitative kine-
matics [Nielsen, 1988], and developed a first principles algo-
rithm for analyzing planar mechanisms. However, this work
suffered from the limitation that certain problems could not
be solved without including quantitative information. Sec-
ondly, Olivier et al proposed a qualitative kinematic reason-
ing method based upon the use of occupancy arrays [Olivier
et al., 1995]. This approach works simply on the constraint
that no two objects occupy the same occupancy array position
and can be extended to include semi-quantitative information.
Thirdly, Kramer [Kramer, 1992] proposed ’The Linkage As-
sistant’ kinematic simulator which demonstrated that mecha-
nism kinematic analysis did not solely have to rely on exact
geometric mechanism information. Fourthly, Liu [Liu, 1998]
presented a qualitative representation and reasoning approach
based upon the formalism of qualitative trigonometry, quali-
tative arithmetic, and qualitative spatial inference. However,
developing a general approach to the representation of qual-
itative kinematics is still an open problem. This study aims
to develop a general qualitative representation for kinematic
robots, the approach also can be extended to general mecha-
nisms.

The rest of this paper is organized as follows: Section 2
presents qualitative geometric primitives in Cartesian space.
Section 3 derives a qualitative representation for qualitative
robot kinematics. Section 4 addresses how the representation
connect both qualitative states and robot motion. Section 5
concludes this paper.



2 Qualitative geometric primitives
The degrees of freedom of a robotic system can be simply
viewed as the number of coordinates that it takes to uniquely
specify the position of the system. Consider a rigid block �
that is free to move in a two dimensional plane. Its motion
along its two degrees of translation and around its one de-
gree of orientation can be described in terms of its degrees of
freedom, whatever coordinates are used to describe its posi-
tion. The position representation of a system consists of two
components: translation and orientation components. The
position of the block � is denoted by ������ ��� in gen-
eral coordinates, where �� stands for translation component,
�� for orientation component. The formula ������ ��� can
be used to describe the position in quantitative or qualitative
terms. Its quantitative representation is ������ ���, while its
qualitative representation is given by ������� ����. In order
to connect robot motion and perception, we have to define
the mathematical description of ������ ��� for qualitative
analysis.

Further, let us consider the facts. First, qualitative knowl-
edge is relative knowledge where the reference entity is a
single value rather than a whole set of categories. Sec-
ondly, qualitative knowledge is obtained by comparing fea-
tures within the object domain. Hence, the qualitative posi-
tion description is mapped into a unit circle using normalisa-
tion technique, the position on its radius is given by a scalable
rectangle, the scalable description is shown in Figures 1 and
2. Hence the general representation of the block � can be
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given by ��������� ������, where the �� � are defined as
the mapping parameters over quantization. As � � � and
� � �, the limits of ����� and ����� in Equation 1 are
approaching the set of real numbers �, that is, quantitative
description������ ���.
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(1)

On the other hand, as � � �� and � � ��, ������� and
������� in Equation 2 are the quantity spaces of translation
and orientation components in qualitative terms, respectively.
It should be noted that the mapping parameters �� � are inde-
pendent, though the items of quantity spaces are application-

dependent. For example, �� is set as 	 and �� is set as 
 in
Figure 1, its qualitative position ����� �� is shown in Figure
2.
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3 Qualitative Robot Kinematics
3.1 Qualitative robotic primitives
Roughly speaking, there are two types of robotic primitives:
revolute and prismatic joints, see Figures 3 and 4. They con-
struct a variety of robotic systems. For the former, �� de-
notes the length of its rigid link, 	 denotes its orientation
variable; for the latter, � denotes its translational variable,
	� denotes its starting anglar state. Note that the symbols
��
������� ���� � are described by quantity spaces here.
The qualitative representation of the end effector of a revo-
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Figure 3: A revolute robotic primitive
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Figure 4: A prismatic robotic primtive

lute primitive in Figure 3 is given in Equation 3. The transla-
tion component is a one-item quantity space ����, the quantity
space of the orientation component������� is on the closed
range � ���. �

������� � ����
������� � �� ���

(3)

The qualitative representation of a prismatic primitive shown
in Figure 4 is given in Equation 4. The quantity space of its
translation component ������� belongs to the closed range
� ��, its ������� is a one-item quantity space, �	��.�

������� � �� ��
������� � �	��

(4)

The general qualitative representation of hybrid joint robots
shown in Figures 5, 6 is given in Equation 5. The differ-
ence from those single primitives in Figures 3 and 4 is that
a constraint function ���� is introduced to confine the order
of degrees of freedom of a robot from its base. The robotic



structures in Figures 5 and 6 are distinguished by value as-
signment of their ���� , whose entries, ���� ��� in Fig 5 are
assigned to 1 and 2, those in Figure 6 are assigned the other
way around.
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Figure 5: A hybrid joint robot (1)
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Figure 6: A hybrid joint robot (2)
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Furthermore, the quantity spaces,������� and�������, can
be defined in many terms such as ordinal, interval, ratio scale.
Equation 2 can be rewritten in terms of the intervals of the
length and orientation angle of a link segment. In this paper
the quantity spaces are given by average division by mapping
parameters in the following,��
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For example, a three-link planar robot, its qualitative repre-
sentation can be found in Figure 7 given �� � as 20 and 19,
where the ellipse is the trajectory of the end-effector, the in-
side continuous black areas are the qualitative description.����
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3.2 Qualitative representation of kinematic robots
The components of a robot are described at a crude but im-
portant level by just two attributes: their position and their
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Figure 7: The qualitative representation of the end-effector of
a three-link planar robot (� � �, � � ��)

orientation. The aim of robot qualitative representation is the
manner in which we qualitatively represent these quantities
and manipulate them mathematically. Consider the quanti-
tative description of a �-link serial revolute robot combined
by links and joints shown in equation 8 in Cartesian coordi-
nates. Let the length and absolute joint angle of the �th link
component be �� and 	�, respectively.
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Where ���	�� �
�
��	� are quantitative description of each com-

ponent in its local coordinates, � ��� is that of the end effec-
tor in global coordinates. Compared with quantitative rep-
resentation, the qualitative description of a robot needs both
two types of coordinates to describe its local and global be-
haviours. The robot is decomposed into � link-based seg-
ments, each of which can be described in its local coordinate
system by robot primitives, the position and orientation of its
end effector can be qualitatively described in global reference
coordinates. The local representation of the �th link can be
described by ��

���������� ������� as follows,�
�������
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where
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The qualitative position of the free end of the �th component
can be described by a pair of qualitative position and quali-
tative orientation. Mapping the representation of the �th seg-
ment into a unit circle using normalisation in its local coordi-



nates, equation 9 can be rewritten as,������
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The representation of the end effector in global coordinates is
key part in robotics. The qualitative representation of the end
effector can be derived in the following,����
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where
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Here ��	��
�

stands for the translation component of the �th
link segment in a unit circle, ��	��

�

for the orientation com-
ponent. The constraint function ���� is employed to de-
fine the degrees of freedom constraints between components.
���� �  stands for the base of the robot when � is equal to
zero. The qualitative representation of the end effector is a
qualitative addition of translation and orientation components
of each link segment based on its constraints on degrees of
freedom. The role of qualitative addition can be played by a
variety of qualitative techniques. For example, fuzzy arith-
metic can be employed given the components are described
by fuzzy numbers.

3.3 Description of the change of qualitative states
In terms of the representation of robot qualitative position,
����������������� is used to denote the change of qual-
itative states, which consists of two components for the
change of the translation and orientation. The state change,
��������������� of the �th link segment from time instant 
to � are given as follows,
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The state change of an end effector,

������������������, can be derived based on equa-
tion 11,
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Generally speaking, it is impossible to compare
two symbolic labels in different representation
scales. For instance, if there are two quantity
spaces ������� ����������
�� ������ ������ and
�����������
�� ���� for qualitative descriptions of their
state change, no one can tell the label ����� from the
former quantity space whether or not change quicker than
the label ��� in the latter. The reason is that there is no
reference standards for the labels that are used to reflect
the perception, without which there is no way to carry out
the qualitative arithmetic. That is a crucial problems in AI
research, sharing labels across subsystems. The power of the
proposed approach is the introduction of normalised labels
as the reference for relationship construction of robotic link
segments. On the one hand, the items of ��	��

�

and ��	��
�

in equation 11 correspond to the normalised symbols of the
�th link segment. On the other hand, they also have relative
quantitative description of knowledge features with a unit
circle.

4 Qualitative states and robot motion
This section shows how the proposed approach connects to
qualitative states and their motion.

4.1 Qualitative states generation
Almost all reasoning systems are based on symbols, so it is
crucial to generate scalable symbols, which can properly re-
flect their cognitive meaning. The adjustable primitive com-
ponents which robot cognition will operate on are normalised
labels. The qualitative workspace of a link segment in equa-
tion 10 can be mathematically described in a matrix � �
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And the qualitative workspace of its end-effector can be
roughly derived by the union of qualitative workspaces of link
segments, the union operation can be taken by a variety of
reasoning techniques, (e.g., interval computation).

�	 �
��
���

� �
	 (14)

Each entry of the � �
	 is comprised of qualitative states of

the orientation and translation of the �th link segment, which
actually normalised symbols. The dimension of the envision-
ment of the end-effector of a n-link robot,  �, is given by the
following,

� �
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��� � ���� (15)

An example of a 2-link planar robot shown in Figure 8 is
presented to calculate its end-effector qualitative position us-
ing a toolbox Xtrig. The XTrig is 4-tuple fuzzy number based



implementation of fuzzy qualitative trigonometry (FQT) [Liu
and Coghill, 2004]. The fuzzy qualitative trigonometry is the
trigonometry of fuzzy qualitative version . Let the compo-
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Figure 8: A 2-link robot

nents of links 1 and 2 have the same mapping indexes, (i.e.,
�� � �� � ��� �� � �� � ��), we have,
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Given the scenario of position side �, side � and angle � � �
(! is the distance between � and �), we have their fuzzy de-
scriptions generated by the toolbox XTrig,
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Where ����� and����� are qualitative length and angle.
Applying FQT ��� and ��� theorems and arcsin func-

tion [Liu and Coghill, 2004], the position of the end-effector,
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and Table1,�
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4.2 Connection to robot motion
Section 4.1 presents the generation of normalised qualitative
states of the proposed robotic representation. A robotic be-
haviour is a sequence of qualitative states occurring over a
particular span of time, e.g., a behaviour������ ������

Table 1: Qualitative position description of the end-effector
��� ��� ��� ��	
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����� � �����, see Figure 9. In order to connect to robot
motion, qualitative states have to be described in quantita-
tive terms. For this purpose some methods have been devel-
oped to extract qualitative state from a set of quantitative data,
and vice versa, such as particle filter [Verma et al., 2003],
quantised modelling [Schroder, 2003]. It should be noted
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Figure 9: A behaviour of the end-effector of a three-link robot

that nearly all motion planning algorithms suffer intractable
computational complexity when they convert the positions
of robots and obstacles to its configuration space [Latombe,
1991]. And we propose a normalised symbol-based algo-
rithm, which not only connects qualitative states to robot mo-
tion, but also overcomes the problem of computational com-
plexity. This method only converts mapping indexes of nor-
malised symbols of a robot into a configuration space rather
than positions in Cartesian space. That is, a configuration is
expressed as a vector of qualitative position/orientation pa-
rameters. Then it generates its behaviour plan and converts it
back to un-normalised parameters.

For instance, consider a three-link robot with a behaviour
shown in Figure 9. And a qualitative state ����� in its local
joint coordinates#��$

�
	�� $

�
	�� $

�
	��. The desired joint position

$ ��� of the qualitative state is described as the addition of local
origin $ �	� and randomly generated positions within its map-
ping indexes on both orientation and translation components.
Its mathematical description is given in equation 16.

$ ��� � $
�
	� �% �

�
��

��
�
��

��

�
(16)

Where % is a function used to generate random numbers
whose elements are uniformly distributed in the interval (0,1),
�� � �� and �� are translation limit, qualitative mapping in-
dexes of �th component, respectively. For the behaviour in
Figure 9, the method generates a set of quantitative trajecto-
ries in Figures 10 and 11. There are two trajectories of the



end-effector in Figure 10 for the behaviour. It clearly shows
that a behaviour could have a completely different motion for
a specific robot. The positions labelled � are produced using
equation 16. The joint trajectories are given in Figure 11. The
dashed-line joint trajectories correspond to the dashed Carte-
sian trajectory in Figure 10. Trajectories can be refined more
precisely by either symbolic systems or adding more qualita-
tive states. The precision of motion description is determined
by normalised symbols. The bigger the mapping indexes of
Cartesian components, the higher the precision.
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Figure 10: Trajectories of the end effector
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Figure 11: Joint trajectories of those in Figure 10

5 Conclusion
This research has proposed a novel qualitative representa-
tion for a robot. This method has first presented qualitative
primitives for robotic components, then gradually constructs
qualitative representation for a complex robot. This repre-
sentation works as a converter between low-level control �
sensing (i.e., robotic control modules) and high-level cogni-
tive functions (i.e., symbolic systems). The two advantages
of the proposed method should be noted. One is the proposed
normalised technique, it not only allows sharing normalised
symbols across multiple robots or subsystems, but also over-
comes the problem of computational complexity that most

planning systems suffer. The other is scalable mapping in-
dexes for Cartesian motion components. It naturally provides
a facility for the negotiation of connection between the qual-
itative and quantitative descriptions.
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