
Reasoning in Logic about Continuous Systems

Benjamin J. Kuip-’rs
ComputerScienceDepartment

University of Texas at Austin

Austin, TX 78712
kuipers~cs.utexas .edu

Abstract

An intelligent agent, reasoningsymbolically
ill a continuous world, needsto infer proper-
ties of the behaviorsof continuous systems.
A qualitative simulator, such as QSI NI , con—

structs a set. of possible behaviors corisis—
tent with a qualitative differential equation

(QDE) and initial state. This set of behav-
iors is expressedas a flinte tree of qualita-
tive statedescriptions. li-i the caseof QS1lvi,
this set is guaranteedto contain the “actual”
behavior under certain circumstances. We
call this property the “soundness”of QSIlvi.
Tile behavior- tree call then be interpreted
as a model for statenientsin a branching—
time telilporal logic such as Expressive Be-
havior Tree Logic ( EBTL) , which we intro—
duce. BecauseQSl M is sound,validity of an
EF3TL proposition (necessarily p) implies
thecorrespondingtheoremaboutthe dynani—
ical systemdescribedby theQDE. Therefore,
at least for universals,statementsin temporal
logic aboutconti iuoussystemscanhe proved
by qualitative simulation. This allows a liy-~
brid reasoningsystemto prove suchcomlnon~-
sensestatemnelits as “what, goesup (in a con—
stallt gravitational field) must conic down
or to do suchexpert reasoningabout dymiani—
ical systemsasproving thestability of a 11011—
1 inear, heterogeneouscontroller.

INTRODUCTION

The world is infinite andcontinuous.A logical proof is
finite and discrete. Nonethelesswe want, and reason-
ably expect, to use logic to draw reliable conclusions
about cotitinuous behavior in theworld.

A qualitativedifferential equalion (QDE) is asymbolic
descriptionexpressimigastaleof incomnplet.eknowledge
of tuecont i nuousworld, and is thus an abstractionof

all itlfinite setof ordinary differential equalions. Qual—
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itative simulation, using an algorithm such as QSI N-I
[Kuipers, 86], predicts the set of possible behaviors
consistent with a QDE and an initial stat-c.

The QSlNI algorithm generatesa tree of qualitative
st-at-es representinga branching—timedescription of
the possiblebehaviorsof the system beingdescribed.
Qualitativesimulation cati be viewed asproving a the—
oreni of a- very specializedform:

QSJM L QDEAQSI.at.-(i<)~ o-r(QBefp , . . . QJ.hJi1~)
where QL)E is a qualitative differential equation,
QState(t:<) is a qualitative descril)tioto of an initial
state, and each QBch~is a sequenceof qualitative

states. The QSIM C uaranteed Coverage ‘Fheoremn
states that this prediction describesall possible be-
haviorsof all ordinary differential equationswhich are
consistentwith the givemm qualitativedifferential equa-
tion and initial state [Kuipers, 86]. The set of predic—
tiomis Inay, however,includespuriouspredictions,those
not correspondingto any real solution.

Building on the basicqualitativesimulation algoritlnn,
a variety of luethodshavebeendevelopedfor filtering
out additional classesof spurious behaviors, obtain—
ing tractablepreditions from a wider rangeof models
while retaining the QSIM coverageguarantee.These
nethodsinclude deepertypes of ii sathemssatical amsal—

ysis, application of part ial quantitative information
appealto carefullychosenadditional assuniptions,and
changeof thequalitativelevel of description[Kuipers,
93b].

Since the qualitative model and behavior tree are cx—

pressillein logic, we canshow that alogical statemnemst
<F follows fromn the mnodel by showing that it follows
from the behavior tree. We (10 this by showing that
tIle behavior tm-ce can serveasa logical model for <F.

Sincethe qualitativebehavior tree is a branching_time
descriptionof tenmporalsequences,theappropriatelan-
guagefom- such statemnemmts <F is sonic forum of nodal
emnporal logic [Emnerson, 90]. ‘lesnporal logic aug—

niemits propositional logic wit-li operatorsfom temporal
relations oh tune—varying truths—values,such as sonic—
hines, alw(m?/s, nenn/ua!!y, amId units!. Modal logic adds



operatorsfor relatiosssamlsomsgtruth—valuesits ahtertsate
possibleworlds (i.e., ahterssatebelsaviors), suds as sine—

nssns-ilyassd possibly.

~~Teimit rodu<-e l’lxpm-essiveBehavior‘tree Logic (l’H3’IL)

as a tool for expm-essimsgstatetssentsabout QSh NI be
hsaviortrees, and hemsceabout t Ise comit itsuoussystemsss
they describe. EBTL is a bratschsimsgt imsie temsspom-ah
logic closely related to C’l~Lamid CTL* [Emssersots,90].
We describeams algorithsmn for cbseckingI Ise validity of
ami EB’h L statemsietst agaimsst a givems QSI NI helmavior

Based omm the QS1 NI GuarammtecdCovet-ageTlseoremss,
we prove that for any EBTL statemssent <F wlsichi is
universal ims a semise defitsed below, if <F is true for the
qualitativebelsaviom-tree predictedby QSIM, thsens the
correspomsching t Iseorens holds for assyordimsary dilfet-eti
tial equalioms roissistemsl wit Is the QDE tlsat generated
the QSIM behaviortree.

‘ilmere areamsuiisberof apphicatiolssof model—basedrca—

sonsing I Fsat cati profit fromss reliable imifereticeover the
set of all possible behaviorsof a cotstilsuoussystetms.
Si tice appl icatiomss suchasms soisitori msg, diagmsosis,amid
design m ssustoften copewills comsdit iomssof isscosisplete
knsowhedge,the ability to reasomswit Is all possiblebe—
Isaviorsof a systemssdescribedby aqualitative mssodel is
particularly valuable. A discussionof potesstial apphi
catiomis is providedits [Kuipers, 93a], amid aspecific ap

phicatioms to tlie validat iou of heterogeneouscomstrollers
is provided in [Kuipers &~ Astrom, 91] amid briefly at
the emsd of this paper.

2 BTL AND EBTL

Behavior‘tree Logic (h3’h’L) is abrasschiisg—tissie lemispo—
s-al logic. TI se I I ieot-y of 1 )ramschsimsg t imsse t essiporal hog
ics is describedin [Eli sersomi, 90]. B’FL is i mit eisdedto
be ams extesssiomsatsd customssizatioms of (otsspoil atiosial
‘Free Logic (( “l1~)to work withs QSINI belsavioi- t tees.
We am-c mi sore i mitcrested ins its I ssoreexpi-essiveexten
siois, ExpressiveBehavior ‘lree Logic (EB’I’L), whsich
is situi1ar to C’IL* [l’lmncrsois, 90]. (lustOiii izat ion is
msecessarybe<-ause(“FL omslv applies to iii fi ms it c tciii
poral st roscloires. A QSINI befsavior tree is fits it c al-
bough it ms say be -onsidered to represemit a-mi ioifi nite

tree. (In t Isis paper, whiesi we say “a QSI Nil behavior
tree’ we are referring to t lie act uahout put of the QSINI
algorithmssafter fimmit e I imne. ‘h’herefot-e, alt Isoughs t lie
st ructlire mssaygrow wit bout houmsd if QSIM were al-
lowed to ruts i mmdefiusitchy’ wit bout sssetmsory onistrainsts,
a QSIM behavior tree its our discussiomsis msecessarily
fi msit e. I however,our t iseoremnsarc applied to the oft cmi
infinite trees repm-esemstedby these finsite struct hires.)

Therefore,we have nssodifiedt lie logic so I hat it is ap

phicableto fimsite QSIM behavior trees.Out defimsitiomss
areotily sI ight misodificat iomss (or cotssplexiflu-at iomis) of
Emsscrsoiss definit mIss of (“Ft. amid ( “I Li

2.1 TERMINOLOGY AND NOTATION

Its this sectioms we defimie t lie st ruct tires related to the

thscom-v of I’lxpressive Belsavior ‘I’mee Logic. QSINI be—
hiavior trees are (list i nguislsed mmsot ivat iomsal examnples
of I hsesestruct tires but E13’lL is applicableto a gen
eral class of heliavior trees. A QSINI behavior tree
[Kuipcrs, 8(5] catseasily be coisspat-ed to a temporal
at ructmit-c its the scsssedefimied i ms [Em isem-soms, 90]. ‘Ihs is
nsot i vales the followi msg gemseraldefimution.

Definition 1 Irs (L’)IJTL, a behavior tree A! is (tO

oi-dn i-nd li-spIn (‘7’ U, L) -silu-re

‘7’ 1.’ (1 srI of ,stnitns,

I? is (5 biiirny i&lcttsosi oil ‘7’, (111(1

I. s.s a labnlsisg winch (Ti api~noel, stair s to an in/c rp-l-n—
la/son of all nstoiiuc proposs/Iolo .syr,mbols 5-fl S.

It is useful to view a behaviortm-ce asadirectedgraphs
wit Is smodcset 5’ amid arc set I?. Wit bout loss of getter
alit, we <assasautime that a behaviortree is a lone (thus
thsc isamsic),i.e. als ac chic directedgraph its which ea-hi
tsodchasat tmoost onme predecessoramid there is exactly
oise root. ‘Floe root is time ottly tiode wit Is thsc property
that it has tso predes-essom-and everymsode is accessible
fm-omss it.

It mmsay be helpful for the reader to bewareof confus—
ing the 51 muctures associatedwith tue logic EB’I’L (of

which QSIM helmaviom-treesat-c examisphes)with QSIM
51 ruct tires. ‘I’lic logic EI3’l’ L misay he applied 1<) st rue—
sires 01 hsem t hams QSl Nil behavior trees. Whets we de—

scm-ibe t lie apphicatioms of 11131L to QSIM trees, misany
detailssudsas t lie u siwimiditsg nscthsodfor hiatidhingcy
dc poi titers amsd t lie hahehisigof stateswill be made
issorc explicit. We will try to tsiakeit n-lear whets we
are referring to thin QSI N-I st ructmires.

We let A (i) deisote t lie lemsgtIs of afits it e orderedset n.
A fin/macsoc s — (5<j, , s~,. . .) its a behavior tree M is
assy paths in the behaviortree which either temmsnssatcs

at a at ate with sio I? successorsor is insfimnte. Imi case ~-

is of imsfimnte Iessgthi, we say A(.i-) x. By apails i

(so,~i ,s-~,. . .) we nican I hat fom all 0 < i < A (i) — I,
.s.~) E Is”. If A(s) — ix. thsems by i < A(s) — I we

nieati i is ally imosimiegat ye ititegem-.Not i-e that the last
stale iii a finite hehsaviom-i (s~,s~, 53,~..) is 5

A~)—1-
In t liii, paperwe (10 sot requires<~to be tloe root of the
behaviortree asis csistomssary~vhsettrefesrismgto QSINI
behaviors.

For sisiphicily we soinetiisseswrite r E M to tmieais
that i is a behavior iss ‘11. We say the behavior .s- —

(.s~,si , s~,. . .) s/ails at thes/a/n .s~<,and that .s
0

is //in
fir-sb s/a/n of i. We will say that a behavior xi’ E Al’
nj/ends a behaviorr — (.s<> , s~,...,s,) ins il-I if the first
is + I statesits n’ are(.5~,~i ,...,s,,). Wbemswe speakof
omie tree ‘hi heimug a subsetof aloother tree M’ if every
behavior ill :1! <‘xl etids somnie behavior its Al’. We call



a behaviorrooted if it startsat the root of its tree.

We siow describet hie behaviorquantifiersamid thebasic
tetmsporaloperatorsons propositiomis.We prefer to give
thse readera rough descriptionsbeforethe formnahsymstax
asid semioatstics aredefiosed. Supposesomssestates<~amid
behavior i start imig at ~ are givens. The two behavior
qualstifiems are

(necessarily p), whiichm is true if p is true
of n mie-ry behaviorstartimig with .s~,amid

(possibly p) , whichs is true if p is true of
souln behsavior startimsg al 8ç~.

‘[lie chetosemitary I ciioporahoperatorsarc (next p) amsd
(until p q).

(next p) is true of (lie behaviora if p is true
of the behaviorobtaimsedfrom n by dehet
imsg its firsi at ate, amid

(until p q) is true of £ if q is true of
sonic state iso xi aosd p is true of every
state pre-edinsg t lie first state imu whb-h
q is true. We may also call tins reha
tioms strong—until, to distinguish it from
weak—until to he defimsedbelow.

Let it he stressedthat these(lescriptiomss areooohygivems
its order 10 give the reader a rough, idea. ‘Floe exact
noseammitigof theseoperatorsconiesfromos theformosaldef—
imiitiomi of the symstax anid senniamoticsof the logic whsichm
are ins suhsequetstsectiomis. We use the following ab—
breviations:

(eventually p)

(strong—until true p)

(always p)

(not (eventually (not p)))

(strict—precedes p q)

(and (not q)

(strong—until (not (next q)) p))

(weak—precedes p q)

(eventually (and p (next (eventually q))))

(strong—precedes p q)

(and (strict—precedes p q) (eventually q))

(weak—until p q)

(or (strong—until p q) (always p))

(infinitely—often p) E

(always (eventually p))

(almost-everywhere p)

(eventually (always p))

‘Fboeselast two expressiotosseetiuto presumoseatm imsfimiite
tree. The probhemoiof reasomiitsgabout I Ime imi fimoit e tree
m-epreseistedby a fimiite QSIM behaviortree is discussed
I atem.

‘Floe statemnent (strict—precedesp q) is true of a
behaviorif p is true its somisestate in thebehaviorand
q is 0501 I rose its a.moy state previousto time first state
in wlsichsp is I rue. ‘[lie stat-emsiemit (weak—precedesp
ij) is true of a behavior if q is ti-tie ins somestate its
the behsavior fohhowitogsonic state mi whncht p is I rue.
‘Fhie statemsocost (strong—precedes p q) is (role of a

behavior if q is t rue its sotnestale its thse beboavioraisd
p is true mo somne state previous to (lie first state itt
wInch q is true.

Ati expressiomsits 13’[h~is formosedby an applicationsof
ahelmavior quatstifier to a singleone of t lie usual tem-

poral operatot-s: always, strong—until, weak—until,
next, or eventually. E1-3TL is ooiucho omoore expressive
becamisei I allowsbooheaticomsibimoatiomss amid isestilsgs of
Ihe behavior quamstifiers and the usual temporal opera-
Iors. ‘l’lmus everystatetnemmt in 13’i’I~ is also astatenmoenst
us F B’FL, hut “itifisii tehy oftcmi” and “for all boil finitely
toiatoy” amscI ot hoer i miterestimig statemnemits cams only be
expressedin E13’FL.

Omi r 13TI is closely related to Ett oerson‘s CTL ando to r
EB’FL is closely relatedto Entsersooi’sCTL*. ‘[he tmsost
oooticeabhchfferenoceis thoat B’FL and EB’FL are appli-
cable to fimiite trees as well as imsfimte trees. Because
(E)I3TL is applicableto fiomite trees, (lie temiiporal 01)

eratornext mssay seeoii amisbiguous.‘[his is so because
soosocstatesdo moot have a successor. Therefore, we
Inust distitiguishobetweemo whial is called strong—next
amod weak—next. ‘lIme staletosent(strong—next p) is
I rue of a behavior if tboe behavior hasa secomodslate
aridp is true of that state. ‘i’hoe statems’temit (weak—next
p) is I rue of a behavior if the behavior Isas moo lieXt

state or if thoe behaviorhas a secomsdsIale amid p is
I roue of it. Its our discussions,we <-omssidernext alone
to tsieami weak—next. ihowever, the lamiguageimochsscles
hol Ii tem-mnos amid I hoe miser of our progranoo misay usehot it.

Its the folhowiosg two subsectiomoswe give time foronah
defimntiomosof 13’i’L alod EBTL.

2.2 SYNTAX

‘FIse foroosal defimi it iomos of thoc symit ax for (lie tenopo
ral operators amid behaviorquantifiers infornoahly de-
scribedaboveam-cgivemo below. ‘Fhesedefimoil ioois follow
I ise treatomiemst of (l’I L(* ) imi [Etsiersomo, 90]. ‘[hse defini—
tioms of the symstax includesthreestate—formosuhagemsera—
ors, followed by omie behsavior—forniuhagemseratorits the

caseof B’FL, hut followed by I biree behaviorforossoila
geoseratomsioi the caseof E13’lL. A state forniula is
a forlsmuolawInch is t rose or false of a state amid a he
hsaviorforoosmila is a formssula which is true or false of
a beloavior. SI ate formssjtla’ mm both B’FL anod EB’lL
are gemserated by rules (SI-S3) below. ‘floe behiaviom-
foroisuha’ in B’iL aregemieratechby the rule (130) below.
‘l’hie behuaviom-forusioiha’ its EB’FL are generatedby roihes
(III 133) below.



Definition 2 ‘l’/ir syn/ax of E13’l’I, is defined as fol-
lows.

(Si) Each alonsic proposition P is a stair formula,

(S2) if p q are state forunulxi t/snn so air (and P q)
arid (not p)

(S3) if p is a beboavioi- formula then (possibly p)
and (necessarily p) are state formula~,

(BO) if p, q are slate forrinuhr the n
(next p), (strong-next p), (strong-until p
q), (always p), (weak—until p q) and

(eventually p) are behavior for-m-ul~.

(Bi) eachshaleformula is also a behavior formula,

(B2) if p. q are behaviorfornoul~i/sen so are (and p
q) and (not p),

(B3) if p, q ctre be/oavior formula” then so core
(next p), (strong—next p), (strong—until p
q), (always p), (weak—until p q) arid

(eventually p)

Thiere are several things to miotice here. First miotice
that (BO) is subsunied by (BI) and (B3). There-
fore every expressionin BTL is in EBTL. Also noo-
tic-c that time following formula is wehl-fornsed in
both BTL amid FIB’I’L: (strong—until (possibly
(next p)) (necessarily (next pfl). However,
EBTL is strictly nmiore expressive because, for exam-

pie, (necessarily (precedes p q)) asod (possibly
(not (weak—until p q))) are expressible in EI-3’FL
but not its BTL. We also allow the standard boohean
abbreviationsfor or amid implies.

2.3 SEMANTICS

‘l’he following nsot at iomo is noeecled before (lie senoiantics
of our logic can he defimsed. Givemo a helsavior xi =

(so,Si, ~2, - - .), for I < i < A(xi)—I we let xi’ demiote ihoe
behavior (si, sj.~j-~i+2,- - .), whiichs is the subbehavior
of xi starting at s~- I.e. it is hoebehaviorobtaitied fromoo
;r by dehet inig fromos xi the first i stales.

Not ice that if A (a-) is fionte, thseos i’ is moot chefimieci for
i > A(s) — 1 amid that A(xi’) = A(xi) — i.

Now we are ready to give the setsianticsfor the lami
guagc. We write A/s0 ~ <F (respectively M,xi ~ <F)
to mi-ieaoi I hat state fortsiuha <F (respectively behavior
foroisula<F) is tm-tie its I lie behavior tree A-i at the state

sc< (respectivelyof (lie behavior xi-). Each i(eomo below
gives the noterpretal ion of I hoe correspomoclimigbeossin
the syntax above.

Definition 3 If S~is a stcmtn ins M arsd xi- = ~ s~,. -

is a behao’ior- in i1~Istarling at S~,b/sen tee inductivnly
dnfinc F as follomi’s:

(Si) Al,s~<~ P if and only if P is true in L(s
11

).

(S2) M, 5<) ~(and p q) if and only if Al, S~~ f) arid
A-I, s~ q,
A-il, ~<i ~ (not p) if arid only if it is no/ lhr casn
/hai Al, 5<)

(S3) A-I, s
0

~ (possibly p) if cirscl only if thur-i-n is a

behavior y in Ill starting at 8)), such that M, y ~

p
M, s<

5
~(necessarily p) if arid only if for every

behamoor p iro Al starling at S()~it-I, p ~ p.

(Bi) A-I, xi p if (mud onoly if M, S)) ~ p,

(B2) M,x ~(and p q) if and only if Mx ~ p and
ill, xi q,
Al, a- =(not p) if and only if U is riot the case
I/sa/ Al, xi p.

(B3) M, a- =(strong-until p q) if andonly if these
is a 700nnegcmtim)e in/ngnr i < A(xi) — 1, sue/i that
Al’, xi’ ~= q arsd for every norsncgatimie inlegerj < z,
M, xi’ ~ p
Al, xi ~ (next p) if arid only if A(xi) 1 or-
M,xi

5
~p,

Mr ~(strong—next p) if and only if A(xi) > 1
amid Al, xi

1
~ p

M,x ~(weak—until p q) if arid only if for cc-
cry nonsroegativnintegerj < A(x) — I - if for every
nonnegativeinteger k < j wehave il--/, x’~~(not

q), then M,x’ _ p,
M,xi ~(always p) if and only if for every non-
negativeinteger j < A(x) — 1, Mx’ ~ p,
Al, xi ~(eventually p) if arid only if there is
a nsonmsegati-ce integer j < A (a-) — 1, s-un-li thai
Al, a’

1
=p,

‘Floe semosamil ics of 13’l’L formsiuha’ are the samsieas those
giveol abovewi(hi (b-33) givimog the semosatsticsof the for—
miiuha’ giveno in (130) of (hoe clefi toil ions of I hoe symitax.

Now thoat the seossamiticsare defined, thse reader will
mootmce that (here are two definitions of the fohlowioig
operators: weak-until, always amid eventually. We
havegiven semimatitic dcfimiitiomos for tbseseoperatorsamid
we havealsodefitsecl thetis asabbreviatiomosof expres
siomos imsvohvimig strong—until amsd next. The proofs
of the equivaleto-e of these deflmnt iomis are omssit ted be—
causethey are stmaighit forward bu( tedious nmalmipu—
hatiomis of quams(ifiers, negatiomssymnihols, amid hooheamo
operators.

3 QSIM AND THE
IMPLEMENTATION OF THE
LOGIC

I lere we comosider how (hoe logic- is itsopleomsenitedammcl
applied to QSI M - First, we define I lie relatiomos lbat
mnake finoitc QSI M heisaviot- trees ioilo possibly infimn(e



trees. Sec-otid, we show exactly how QSINI behavior
trees aoid (lie I m-ees I hey reps-cscms(are used as logical
noodrls for E13’FL statenmoesots. Fimially, we discoiss time
iimiplcmsieoot atiomi of the progranswlsichi checksI hue I mutho
of atat emioemi(s ius FUrl, agaitssta QSINI behoaviortree.
We call thin’ progratus‘I L for ~lemsiporallogic”.

3.i QSIM AS A MODEL FOB (E)BTL

Quahitative sinsiuhatiomiwith QSIM produces a tree of
qualitative s/ates, hitilced by successor asod li-ansi/ions
i-chatiotis.1 A Q’i’lAl bnbma,-ioi- is a pathsito (lie behavior
I ree, termniosat imsg at a leaf of (bse tree, hut tool tied

essarily s(arl imig at thor 0-001 staIr. (‘h’bns differs fromus
nsoronal usage.) l’lachi state clescrihes(hue qualitati se
m-alue of eacis sas’iable appearingiii I lie Q 1)11 msiodel -

‘I’hse quahilative value of a variahile v over a state s
is of (lie form (quuiciq,qdiu-), whereqmag (lescribes I lie
tusagusitudeof o asequal to a lamsdmiiarh value or its <rot

opeti imitcrval defimocci by two landmsoarks, amid qdn- is
lie sigmo of I lie densalive m’ of v. l3y c-ooisiclem-iosg t Ise

qualitative valosesof the variablesat s, amid the comu
st raimuts imo Ise Ql)i’l, QS1N-i is able10 derive a miumsuber
of properliesof t hoestate, itscluchiosgquiescesoce,sIabil-
ity, cycles, ole, Pleasesee [Kmiipers, 86, 9 1] for isoore
delailed i niforosiatnoti 010 QSINI-

A QSIM behavior tree is mrsade a logical onodel for
st atcnsemstsiss E13’I’L iss tise fohlowimmg way. A Q.S’IAI
behavior iree M is ams ordered triple (5’, 1?, L) where
the set 5’ of stalesis (lie sd of statesins the outpost
of 1 hoe QSINI algorithooi, I lie set /f is the umnoms of I hoe
QSI NI successoramid t ranositioms rd atiosis, and t lie iii
terpretation J~(s)is as follows.

For (lie sake of brevity, we oossidem only (lie a-Iomusic

propositiooos associatedwit Is aoiy QSINI state .s who ic-hi
areof otseof (lie followi mig fort u is:

(status lag) ~dieo-e tag is ati elemneost of
{ quiescent,stable,unstable,transition, cycle}
Sucbs a propositiou is I roie exactly wlsemi tag is a
tiiemmiher of ihoe QSIN’l stru(-toirc s.status asso(-e
atedwi(lu the slates.

(qval s’ (qnuag qdui’) ) whicte u’ is a variable of (lie
state s, qnuag is a laosdooiark or opeti ioot em-val
defiosed by a pair of hamidmosarks in the quaoi
tity spirce associatedwills -, and qdiu- is Otir of
{ mc, std,dec, ign}. Souls a propositioms is true
exactlywhets I hue valueof t’ its thestatea boat(-lies
I hue dcscriptiou ( qun ag qdi1-) -

h’lse exprcssiveoicssof s lie applications of I’IB’Fh, to
QS1 N’l cooshd easilybe iocreascdwithoou( addinig lo the
cotsiplexity by adldiuog expressivctsessto thus proposi

TIuric is also si (‘0 lisp/c / 11)11 octaliooi sot d iic-lsssc 1 hem-c.

I lists holds betwc’eo 5 au i ncnmio~het e St at e desetiP
t

001 and a
COfli pItt c nose consisOcm st wit Is it - Haisdhi ng I lois metali oos is a

at raiglso—fom-wam-d cx 0 emosioti of m lie metI sodsdiscmsssedheir.

lion a-I part of I hoe I ausgmiage. Ito partid-oil an, we n-ouhd
allow proposil iooial foroosula_ oIlier tlsaos thor’ two givemi
abovr. I-’on examoiplr, we could add thor abihi(v leo co000
pare (lie valtics of two variables,or to cooosicler qtsam
lit alive itsforuoiatiou about vat-iablevalmies.

By a QSI.-ll hnhsau:ior we ioueaoo a pathi ioo a QSlN-I be
hoavior I rec, osot miecessarily starti tog at I hoe root st ale,
soichi thoat I lie ha_st tiode imo I he patis IsastOo I?—soiccessor.
Wecall time state at which a behaviorstarts(lie f/u-si
state of I hoe behavior. I mu tins paper, rvhieti we say “a

QSI NI helsaviorI nec” we arc referrinog to (hoc fimoite omit
post of I lie QSINI algoritbooms. ‘[hat is to say, givemo a
qualitativedifferemitial cqoiatiomm amid] allowed a finite
anion 01 of I imne o roars, QSINI will ret urns a fimsit e tree.
‘l’hsc fiontemoessof QSI NI I rees100ayscemnto be aterrible
lii iii tat ioms. For examoiple,expressiomussoul, as “for ah I
boil finitely tsiaoiy” amid “ioofinitchy oftems” would appar-
costly ooeverbe semosihihy saiisfied by a QS1N-i belmavior
tm-er’, I lowevem-, a QS I NI belsavioo- I ree on ay -u-epr-nsn uu/
ati iosfimnte behiavioo- I ree.

3.2 THE TREE B.EPI’tESENTED BY A
QSIM BEHAVIOR. TREE

QSINI has Iwo ways of presentimig a behavior over ams
ioi fimiite t i mooe—iootcrvah wi lh a fi site sequetsce of (101 al
itat ire St ates. First , a fixcd-poitit of a hehiavion is
sepoesessteclby a state with statusquiescent. See-
omsd, repeated pat tenmis imi a behavior can be described
by cycles Ac go—In .sla/e iou a QSi M behavior is oosc
that ssoatchses aprevioushy—gemoem-atedstateelsewhereito
(lie behiavior tree, so its successorsare ahready nepre-
setited by thoc successors of thse previoushy—gemierated
St ate. ‘ibie user mosay select thoe s ate—nnatc-hoisog c-ni-
erion, aoicl whoethoer c-ycles must lie wit buno a single

hchuavioo- or 005iry cross it000000g behsusviors. Witho me—

sped I o I hoe ti-ce Al rnpu’nseiu/nd by a QSiNI hehiav
ion lice .11, tlse expressiooos(infinitely—often p)
ansd (almost—everywherep) hoaveexai-(hy (hoedesired
00 ieaoii ng. ‘h’hoe solut i000 I 0 1 lie problemos of reasoioimug
about thor’ imsfimnte tree iou fiosile t ioooeis discoissedhatem.

Definition 4 7/se ou-clnu-nd paiu (si, sj) of .slcile.s is in
is statusbouosdl i-nlalsoio if nit/inc of lion foh/owisig /wo

-ousdi/uoni,s /iolds:

(I) ‘Thu pu-oposi/ioui (status quiescent) i,s /run of
,s~,and ~s<— os
(7) the pr-opo.si/ioro (status cycle) i.s /sun of,s,, auscl

is a .suicc-es.soi- of lhn pI-eliou.s s/ale s’ in the tree
.s sic/i thcs/ .s’ = ,s~.

if I be oodeoed pail- (s~, si,) is aoo elemoseosi of I hoe sd of
staloosbooioscl rehatiotos,thoeoo we say that (si, s~)is a
cij-ln s cIa/iou ifs ~ -

Definition 5 (Represented‘I’ree) 7 ‘hon possibly in—

firsuln /r’nn Al — (8, If, L). neptesemitedby a (28/Al bn-
huas:iou /u-nn ‘hi — (8’, /f, I,) i,s I/se lien which u’essil/.s by



adding I/ic sta/u.s—booansdn-cIa/ions to I/sn sd U. ‘I/se
sd 1? is thin un-iou of U wi/b b/se set of staius—hound

relations. ‘I/sn ,se/ 8’ is the oiuu ions of 8’ arid //on rue n’
staIns which (il-n generatedfir-sb a.s .sar-ouid nln ussr ri/s of
statmis-boundr-elatsotos arocl theso by thin unu’iroding p10—

cess. ~ [Unseu-sori, .OOj for a precise def/unbions of
un mvinodorog.) 14’e will (-(ill lIon non-mi: s/a/es copiesof the
statn iso 5’ to wbuu-/s t/uey (-os’i’espouod. l]a-/o rico’ s/ate

ins/meri/s i/on interpretation /~(s)of its proposition syino—
bols from thin state of whu-bs it is a copy.

3.3 CLOSED BEHAVIOR TREES

In I hoe best case, ever bebmavion its tIme tree netunosediby
QSINI I cnmooiooal es wit hm a quiescetot or -yc-le state. We
will call such a tree ‘losed. ‘[lucre are c’ases,however,
ioi wInch QSI NI does 000t return a dlosedi tree regard

less of how loosg it is allowedi to roioo. ins cases where
QSiNI nd osnoos a tree wlnbs is usot c-hosed, (hoe (~uanaos
teed Coverage‘I’hoeoremns does osot miecessanihyapply. ii
the beboaviortree Al is moot c-hosed thseoi i I is possible
that the ac-tmial behaviorof doe s steoom is sot retire

scooted ims A-I,

‘simsg (hoe toormalQSIM sionoilationsstyle co-caliosg oocw
laosdmarks for critic-al values and applyioog a St 1-omog
c-y-Ie—matc-hs c-nil eniomi (all variables hmaveideosiical laosd
tsuark values), <-cr1 am systemoossoiclo as (lie damsoped

spm-mmig boave ioofion(e beloavior I tees. 1mm smoc-hs cases,I hoe
QSI M algonithnms caoiniol proclooce aclosedbelsaviortree
its fimoite I i~sse.i however, by applyitog (lie nruvisioroison sot
sionulatiomsstyle (no new lamidsmiarks aoid weak cycle—
nosatc-hi c-nterions), every qualitative mioodcl has a finite
behavior tree. [Kuipers, 9’I] cliscoisses(his and a sari
ety of noel hoocis foo- obtaimoitig Il-ac-I ablehehiavioo-trees.

3.4 THE PARTIAL EXTENSION OF A
BEHAVIOR. TREE

Gir’coo ats 1-113 F F atatetoseoutdl) 10 chseck agaisustaQSI Nb
behiaviol- tree Al , we ca~o clefi use a pa i-b ml ni-b n nsioui
111(4)) of .11,

.11 C ~(4)) C M

I hat is 6 mute (where Al ssoighst loot lie) aosd enough

larger I Is aos Al to on ahce I Ise I ruth valiseof Al, 51) ~= 4)
be the saluseas that of Al(4)) 5<)

Ito sectioos3.6 we will prove I boat if use I roil ho checker
is givemi a QSIM beloavion tree A’! atid] a St ateosieoot4)
ioo h-IU’I’L, I hems it ret iso-oss hoe to-mit Is valise of 4) m-egandl—

bog thegesierahlylarger I ncr’ Al nepreseostedlby .11. As
we will see,thus tree cams bie i oifimnte aisd comsoplex. We
thoi osk of a sI ateousemulits EB’FL asa questiobo winch the
user is askioigabout the givebo heloavioo- tmee. ‘floe usel
expe-(s I hue prograooi to m-eSpoo sd wills die to-sit Is saltie
of Al, ~_ 4), wlsere Al is thoe possibly i oofissile tree
nepneseooh ccl by I lie QSI NI tree ~ll aoscl a<, is (hoe nciot of

I hoe tree. ‘i’hoe pnogramooTl~accomoophishies t hmis hiy cooo
at mud lug I hoc’ partial extcoosiossof (hoe gi s-ems QSINI tree
aoscl dhuechcinsg 1 hse trust h cif I lie givemo expressiooscmi I lois
larger yet still finite tree. ‘h’hue prdmof is accoooophishn’cl
by aliowiomg ihoat 1 lie gaoliah extelosiomo cif I hoe (ncr’ is
largeeoocmughs1cm dhccidir’ (lie qooeslidmmu 4).

‘h’hie readlem- o isay fioucl it hoehimful I ci exaomm iooe I”igisre I fcmr
a onol i val iomo cmf t lie followimug chefimsit icmmos. ‘lIme panti il
extemssion 11-1(4)) cif A-I dependsalso ono 4). It is <‘cmli
s(rood ccl from Al and 4) bmy expansdinsg M acc-orclimog (cm
lie St routtim-c of bestbsgscif until ammcl next statetroemits

iou 4).

Let us oiow give (lie needed defimiit idioms. Recall (hat
a QSINI hmehavicmr tree A-I is tiecessanily flout e. ‘Floe
until na-/nnt ,r(uoo(il) , cmf a hmehmavicmr a: ioo Al is a set

of possibly to-muon-al cci behoavicmrs mm Al which cxl dud
a-. ‘I’hue aclclitRims (if I hoese hoosgerbehsavioo-semiharge “hi
exactlv eoscmoigho I d) Sooswen Jmm-dmpemhy amsy pm-dmposiI icmmoal
until sIalelsoelit-

Definition 6 7/se ostotil cxl emmt ;r( until) of a finoite be—
boas-ior .x’ — (si,, Si a,,) i,s f/se .s-ingletouo sd coustaurs-
my a’ uiule.s.s (status cycle) is true of s, in u/sub

case a-( uinubul) i.s f/un .seb of pat/us a~’ in Al erx-tnndmnogxi

boat / unmatedat //ue firsb s/ate .s ~ xi’ at ss:bou-bs the fi,l_
honing pu’op n-/y m.s .sa/usfied:

‘h’hoe E’mst il Po-cmperty :a s.s riot in xi amid ni/bier’ (status

quiescent) is /-cun of s or (status cycle) is ti-mae of
s arud ,s is a copy of sousepm cmou.s state os xi’.

It is imsopcmrtamit 1cm oumoclerstamudtloat tloe umitih extemstcifa
hmehsavicmr i ito a fiumile QSINil tree Al is a fioute set cif fi
ooile hmchoavions.‘I’cm seeI Isis we need to ret-all twcm facts.
I”insl , QSINil hmehmaviortreesarefimsitehy bramichoing. Sec
oood , cycle staIr’s oc’u-ou I- 000ly a.t I lie t etmss i ioal stalescif a
QSINib lieu avion I red, I hsusI lucre areotohy fiontely mlmaooy
cycle statesioo a fimoite QSINI Iree. If scmoome a-’ E a’(isomtih)
were iosfimoite, it wdiuhd have to passthoromiglo iosfitntehy
so iauy -yche slates. ‘l’hsus it wcmuhch ho ave to ~itSS (horomiglo
dilid (if tloeoos oooom-c ihoamo cmooc-e, comito-adb-titsgihue I oil 1
Prcipc’rty. Siosc’e eaclobehavior mo a(osmo(il) is fiouite, aoodl
.1! is flomitehy bmnaouohiioig,a-(ouoilil) oooust be fiosite.

‘l’hoe nor i-b ni-In us/, J-(ooext ) , of a behavior a- its ,i1 is I hoe

sd of possihilv I nuos-ahr’cI hieboavicirs ims “hi which are
sufflc’iemollv extemideci I ci alsswem- a prolmdmsitioosal next

questicios

Definition 7 7/se ooext extent a-(nunib) of a fiuui/c he—

buao-uoca- (s<~,sq ~)is b/se set of prmt/us a” in .11
na’tensdingi husi I ruuuca/ndat b/tn firsb state a E .i~sal is-
fyiuig orse of I/on following ps-opel-ties: (status cycle)
is tine of s, anud ,s satisfiesthe ( ‘uitil Property or
(status quiescent) -is /rue ab s arid s s.s riot in i.

A siounlarao-gmimsoeoit as use cmne giveti abmoveshscmws that
I hoe ouext extcoil of a fimsite bmeboavidmritO a fl site belsavidmr
lree is a fiooite act of flusite bmeloavicmns,



A—Ihefore unwinsding

Figure 1: Partial osnwinsdilsg fcmr 4) = (until p q),
alomig first lmehavicmromsly.

Each cycle at ate is exjmanded, sto~mpisigeach
braisc:h at the second occurrensceof a given cycle
state. The dmmmblc cm-des represent <-ycle stat es.

Definition 8 We dnfinoe the ~martialexteossicmn M(4))
generatedby a tree Al arid arm L]R7’L na’pi-es.sloum4) s-n-
(:mirsiiely a.s follows:

If 4) is a proposition tbuenu 111(4)) = Al,
if 4)-is (and pq) therm M(4)) is t/me union of

Al(p) ausd 111(q).
if 4) is (not p) (possiblyp) or

(necessarily p), f/menu A/I(4)) =A’l(p).
if 4) is (strong—until p q) thenm 111(4)) u.s

the unioui oiler eachbehavioi xi E A—l(p) U

ItJ(q) of xi(unofib), or
if 4)is (next p), on’ (strong—next p), thunum

:111(4)) is f/se unu son 0-re r eac/o be/oarmos- s E
A1(p) of xi(roerb).

Notice that I hoe paths imi the until and msext ex(emsts cmf a

bmelmavicmn imo 114 aregemoerallymocmt lmehavicmrsits ‘h-i car A-I.

‘l’buey may,however,lie beluavicmrsirs M(4)) fcmn sonic4).

Omir immipheomiesuted pm-diver ‘FL, givems as inhmmits a QSIM
tree M and ans EBTL expression4), retoirmos true if

anod only if it-I, s ~ 4) whiere s is the root slateof Al.
We will prcm that it is eisouglsfor the I rmitlo -hiecker
1cm exarniome 114(4)), which its fact is what ‘I’L dcmcs. ‘l’o
lie specific-, we havedefined tIme panlial extemssicmoi cmf a
lmebsavicmr tm-ce gesieratedby a QSIM hmchiavicmr tree Al
arid] ans E13’I’L st atemisent4) 1cm be at least a-s largeas I bie
largesttree gemueraleciby ‘Ii its the imrcmcesscmf choeckiosg

4) cmos Al. II, however, shsoosldbe clear that (his tm-ce
musust lie fiusite. ‘Fhsis is (risebecauseeach stateniemit ims
EB’l’L is fimute aoicl each QSINI hmehiavicmrtree is fins itc-,

\Ve will prove that givems ansEB’lL expressidmms 4) amid a

QSIM behavior tree Al, ‘ii correctly returmis the trutbu

or falsity cmf 4) iou hue Imehoavior tm-ce 11-i reimnesentccl lay
A-i iou fimsite tiosue.

We oueed a way cmf distimuguisbsimmg,for a givemo soshex
pressioss~ cmf 4), whietloer 4)<< is in time scope of a
necessarily cml- cmf a possibly ciuanstifier. ‘h’hsc clefi-
moil icmnu imi t lie osext soihsec-iion fulfills tbuis iseeci

3.5 IMMEDIATE SCOPE

We recursively dcfimoe an cmcurremsceof p being in thue
mnummoediatescope cmf a behavior dluamatifier as fcmllcmws:

Definition 9 (hriinodiate Scope)
‘[‘he o-cun’I-enic’n of p ins (possibly p) i.s on

f/on muss nundiatescopeof possibly.
If (and p q), (not p) (strong-until p

q), (next p), (strong—next
p), (always p), or’ (eventually p) or-
cui-s ins f/in immediatescope of possibly
t/uen these occurrence,s of p arid q arc
said bo occmar in tbse nnnoedia/e scope of
possibly.

1’/oe occurrence of any 17137’L erprnssion
w/i ic/s cani imot be showui to be ins tboe ma—
mediate scope of possibly by tbon above
comiditmoui,s is mm the miusrnmediate scope of
necessarily.

Ot hoer temsi~mcmm-alcmjmeralcmrs are I m-eated as ahmbrevia
I ioous cmf ex~mressiomisiusvohviouglime operatorsmssenuticmioed
above.

( ‘cmoisideo- I hoe followi oug examisimle of atm F B’l F ex~mres
sicmn:

(and (possibly
(strong—until p (necessarily qfl)

(next (possibly i-fl)

‘l’lue and amid i s angmitsoemi(s arc iou I bse iissnsed iate
secmpe of necessarily as is lIme cmccunl-emic-e of q.
Alscm (possibly r) is imi (hue iosiusoed]ial,e sccmpe cmf
necessarily. however, I lie strong—until s(ateniemst
ausd its angumooeumts are ims time inusoooediate sccmime of
possibly.

3.6 CORRECTNESS OF THE
IMPLEMENTATION

Now we c’omsie 1cm (lie imromisise mrocmf. Becaoise ‘FL cx—
arniooes (hue partial ext esmsidmn Al (4)) cmf A’!, whoat we re-
ally muced 1cm Jmrcms’e is lime fcmhhcmwioig:

Ai(4))after partial uoiwirodirug



Theorem 1 If A-I is a Q,’-,’lM be/mamoor tn-ce with root
s and 4) is an EB7’L state exipression, theum

1ll,s 4) ~M(4)),s ~ 4).

‘h’hie proof goesFmy iosdoicticmou 011 Ihe struc-turecmf 4). If
4) is a Imrcmposit ion, themi I hue thseorennus are obvious.

Ahscm it is clear Iscmw to huamudhe ibic hooheanus,i.e. we

simisply passthe proof on to their argunuicoits.

If 4) is of tbse fcmrtn (necessarily p) Ibsen we nsust

really prcive (Foe fcmllcmwimog: A!, a’ ~ p fcmr all hmehsaviors

£ E Al if anud only if M(p), a’-’ ~ p for au hehavicmrs
xi’ E 111(p). If 4) is of the forun (possibly p) thuenu we

moist prove (hoe following: Al, xi p for scmnoebehavior

xi E Mif amid omuly if lbl(p), xi’ ~ p for scmmiie behavior

a:’ E M(p).

So the instereslimog Imarts of the proof will be whets 4)
beginswiih atenipcmralopcratcmrwithiti (hue iniotsoediatc
scope of either necessarily or possibly. ‘I’hiecmrcmss 2
takescareof (hoe casewhen a strong—until statenseost
cmc’curs in (lie insunediate sccm~mecmf necessarily.

Theorem 2 If 4) is of f/mn forni (strong—until p

q), then 114’, xi~= 4) for all u’ooted behao:iou-s xi E A/f

if and only if ft-i (4)), xi’ = 4) for e m:e-ry roo/ ed be/savior

a” E M(4)).

Proof: (~) SupposeM, xi 4) for every hchuavicmr

Al starting at the root. Let xi’ be it behavior ito
M(4)) starting at the root. Suppcmsefor the sakeof
c’omitrac]ict ion that fcmr every mucmnmoegativeimieger k
A (xi’) — I , if Al (4)), xi” q, themi there is a uuumiiber

1 <k such that M(4)), x’~~ p. There is a behavior a-

in Al which ext-ends xi’. ‘The existcnsce cmf I bus behoavior
in Al conitradic-tscmmir buy~mcm(hcsis.

(-‘~=)Now suppose(hat for every behiavicmr a-’ ~ AJ(4))
startitig at tIme rocmt

M(4)), a:’ 4)

Supposefor refutatiomu(hal for everybmehsavicmra’ ins Al

startimsg at the rcmot, for all i < A(xi) — I if A-’I, a-’ ~
then there is a msonnsegativc integer j < / such that

Al, a-3 p. Thereare Iwo casesto m-onssider,

First we suppose(here is a rooted hchuavicmr xi E Al

suc’bs that for all i < A(xi) — I, Al, a-
1

~ q. Let a-’ lie a

behavior its M(4)) which xi extends. (i.e. cut cuff xi at
its first state whiidu satisfiesIbse Until Probmerty.) ‘[lie
existence of this .r’ E 111(4)) c-cmnstraclic-ts cmur hsypcmthesis

(1).

Now supimcmse uhsat there is a rcmcmted behavioo-a- E M

such that fcmn every i < A(a-) — 1 such thuat Al, a-’ ~ q

there is a j < i such thuat Al, a-1 ~ p aoocl t hat suc-ho ami

sexists. (‘hsoose i tcm lie thesmallestnumishmersuchilsat
Al, a-’ ~ q. Let j < i he soichu that il-I, a-

1
~ p. Let y

demsoteuse paulo fromom the rocmt to (lie first state, sq in
xi’. Soipposethere is it state s iou y which satisfies(lie
I ‘notil Prcm~mcrty. if suchu a state exists (bess tbse imath

sq ,...,s) is a bmehaviorimo 11-1(4)). ‘I’hue existemoceof
this hmehmavicmr<-omit rachi<-ts I lie hsyjmothuesis (1). If there is
ncm state its p satisfyimugthe tlmutih Property, ilseos (here
is somebehavior xi~iou M(4)) wbsic-hm extenods(he pails
p. ‘l’hns hmehuavior once agaiuu comutradicts omar hypolisesis
(I).

‘l’his c:cmnsimletcs time proof~

‘Fhecmreooi3 takescarecmf (lie casewhensa strong—until
statenteustoccursin tIme inmnoed]iatescopecmf possibly.

Theorem 3 If 4) is of I/se forrnu (strong—until p

q), t/onnu I/se-re is a rooted be/savior’ a- E Al smach I/sat
Al, a- (_ dim if amid only if there i.s a rooted beham~ioi’

a-’ E 111(4)) such that Al(4)), xi’ ~ 4).

Proof: (~) First, supposethereis a rootedbehavior,
(‘all it a-, imi

Al such that A--I, xi 4). There is a paths xi’ C M(4))
whuc-hu i extenids. Smiimposefor ccmnstradicticmmsthiat for all
osonnegativeimotegersk < A(a-’) — 1 if M(4)), xi’’ ~ q
thicms thsere is a 000mumoegativeimsteger1 < k suds tbmat
Af(4)),xisl ~

If Al(4)), xi’~’ ~ q fcmn scmnme k < A(xi’) — h and

M(4)), xi” ~ p fcmr somise 1 < k thsemi the samsoe is true fcmn

£ ~ <Fl whiichu is ac-cmmitrad]ictioms,

If there is mmcm k < A(a-’) — I suds that 11/1(4)),xi’~ ~

q, (hems it ounist be thoc asc thoat for every state t C
a-’, A’! (4)), / [... p. ‘l’hous far, we have assumosedmuotluimig

ahmcmmit tIme hmehsavion xi ~ A-I except that Al, £ ~ <F. We
kosow bsa for itny suc:lm behavior there is a sosoahiest

osuossber i(a-) such I bat Al, a-~’~ = q. Let i be I hoc
susoallestdmfall cuf (hue i(xi) nitnsgioog over hmehoavicmrs a- fcmm

I ) who ic-hi Al, a- 4) amid let xi mucmw denote I hoe hmehavicmr

ccmrrespomuclitsgto i. If (here is micu state,s, ims I lie pal hi
p — (5<j, Si ,...,s ~)satisfyinog time ljmutih Property, ihuems
Ihiere is a buebsaviora-’ C M(4)) wbsic:h extemids p. Iou
thsis casewe aredonuchecuase1111(4)),xi’ ~ 4).

If I lucre is it state its p which satisfies(lie 1 Tnt ih Prcmp-
erty, tlmemu we let s c]emsote the first suchu state. h-li-
(lien (status quiescent) cur (status cycle) moomist
hue true at s (or s Is as ncm successcmrs) - In I lie formsocr
<‘ase wc are donehmec’uase the patIo (5~,5~,...,s) is a
huchsavicur in 11-1(4)). Tn (hoc latter case, we clcleic frcmmou p
(hue state of whiic-h s is ac:opy amid (lie states betweemi
it amid s. Whuatnemuo~tins of the

1
math p is agaioi a truos-

catccl pathsiou Al, bul a shcmrterjmaths, ansci Al, ~ 4) for

army paths C Al whit-ho exlemicis p. l3osI thusccmmit radio-Is
cumin assu050ptioms I boat I hoe stale sq C a- wits the ouearcsl



stat-c (cm the mocut satisfyitugtheseccuoocliticutos.

(~) Now smip~mcuse ihucre is a behiavicur a-’ C Al(4)) such

thoat 11-1(4)), xi’ ~ 4). ‘Fhiere us a beloavicur .s: C 1-/ which
extendsxi’. ‘h’iuus we aredcuose.

‘T’hiis connohmlctes I-hue iuocmcuf.

Sinnuihar thsecmreoous fcuhlcmw for next exiuressicuous atid the
other tcnui~mcmral cubmeratcurs cams be treated] a~ahuhut-evia—
ticunos <if (hoese twc.

Thoercfcure, it is coscuoigiu fcmr the t rut-li c’Iieckeo- Icu n’xitns—

iooe cushyAl(<F) wloeos I-ry-imsg tcu c-heck Al, 5~~ 4). Simuce
the umotil (cur soexl) extend-cuf it bmeisavicurimo a QS1M I-nec
startioug at aosystale is fionte amid each Eh3’hL exiunes—
sicuns is fi nuite, I-lie (roil ho c-beckerwill tet-mosimoal-cwit ho thoc
c:currec:t aosswet-.

4 THE MAIN THEOREM

Our unaiuo t-hsecum’eonstalestbsai~, miouclen ap~uncupnial.eby—

pcmthucses,tIme ituiswcr that ‘FL givestcu aou I’lbI’,I’L state—
ousemst ccumoc:ermiing it QShM buehavicur 1-ree will lie (-rue
<if (hoe scuhuticuto t-cu aoiv dliffereooti al edluat-iduos ccuossistemit-
with the qualitative chiffercost-iah edimiatioto whoichi pm-cu—
clooced the QSIM buehuavicurtree.

F3efcmrc we st-at-c omin snainothiecurenti we need scunusemoot a—
I iono, defin i tiduns and a leoiinsa. We clefl moe the panl,y cuf
a jucusiticuos its aos I’IB’FL exlmressicuouas fculhcmws:

Definitioms 10
‘flue- first opernttor- ins niniij EB’l’L ei:p-n’e.s.s-iono

give-no to ‘iL i_s mu a positions nf parity U.
If (not p) occnm-r’,s mrs a positions of parity us C

{ 0, I }, i/semi p is ins no positions of pa-u-i/mt

n + I (nood,~l).
If (0 p) os (0 p q) oco-usc.sin ns posibmosm nf

parity mm C { t), I } arid 0 -u.s ammoe tn--mrsp0—

s-nil, boom-ass,or mrsodal ope-n-nuborol hues- t/unsno
not, t/iems p anni q occto-r’ ins pos-mtmoum.s of
pno-rity no.

Recall thual- (implies p q) is <too abhneviatiduoi (if (not

(and p (not q))) scu if (implies p q) cuc:cuo-s os a

pdusiticun cuf juanity mm C { 0, 1 } t-hoesu p is iso a hucusiticuosof
parity so + 1 (moocuc] 2) amod q is iii a Tucusiti005 <if jmao-ily
mm. ‘Ibis fcuhhcuws I hoc misc <if “pcusitive” amoc] “osegal it’e”
pcusiticmoo iso [Wasog, hO]

Definition 11 -4 ii ElI’II_ na’pu’e.ssmolm dIm m.s said bo An
uooivensahif esery occur-c-nice of thin he/sas~mo-u-qomni-nst-mJinn’
possibly is mum ni posibmoum of parity I arid every on---u-u’—
n-enmn,-e of f/se he/savior qnmanstmJinr necessarily us mum a
positioms nf pnon--mts,s0.

\<F<iIhi a little I hduught, due readerwill see(iu~tt-if a Icum’—

oiioiha is ossoivensal,t-hicoi doe truths c:hies’keo- shocuuhdexam-
imue I-lie cootire tree us <mdci- tcu cstitbuhish(lie to’uth cuf h-bin’
foromouha. ‘Flois is 1-lie moscul-ivaticuosfor doe clefiositicumu,

If 4) is a oimoiversal fcurnsoolaimo Il13’I’L, (hems 4)’ denotes
due hiomear—I-i us uc hucboavicur fcuromoulaobutaitoccl frcunoo 4) by
(lelet imog all <mccii rmessces <if h-hue bcluavicmr c

1
uitootiflcrs.

I-’cur exa050lule, if

dim =(necessarily

(strong—until p (necessarily qfl),

I hucos

4)’ =(strong-until p q).

arc oscuw ready to pt-cmcccd (cm thue cletails of omit’

oioaius tbsecum-enu. Wesity a neal—valued fmiosct-icumu , a, sat—
-msJie.s it givemo QSIA-I quahitative behiavicun clcsc:ni~mticuoo if
(lie c’ioiahitat-ive descm-iiuli000 cuf thie fumoc-t-icumo moiat-chsesdoe
giveosqualitative behiavicur. Thue fcuhhcuwing thoecurcuos is

hunduvec] ito [N so ijmcrs, ~6] -

Theorem 4 (GuaramiteedCoverage) I.et I” = 0 he
rims o-rdmncou-y nl-mffe-r’esstsal equations -wit/s .so/utioro mm, no
-n-cal valued fosictious. Let C be ni QD1I with -schuu-bs
P = I) m.s ro-ussi.stenst. I,nt Al be the QSII1-1 bebuan~mor
in-re- qemseu’a fed by b/sn Q,~’IA-f a/qoi-iblo-nmo applied to (‘-‘.

If A—I i_s n:ln.snnl, i/se-is a satisfie.s some Q,~’I:’h—i behavior-

a- = ~,s<<,sj , s~, - - .) ins A-i n/sn-u-c s<
1

is I/se roob stale- nf
-‘h-i.

Theorem 5 (The Main Theorem) Let <F be a -uusm-
s:n-s’.sno/ state fo n-nmo~m~lain I113’l’L. Let om ausnl 11-i be (is ins
i/on /sijpnt/snse.sof i/sn- (lao-rams/n-nd Con:e-i’age ‘l’bseo-re -mis.
Lets<< be I/in n-nmot sins/c of Al - If ‘111(4)), s<< <F, f/urns
4)1 i_s i-u-sin of i/on qualitative (Ie,sd iptionm of sm.

Proof: SoippcuseAl(<F), s<~~= <F, as us (lie Ioyjmotbsescs
cuf I-hoc thsecuremos- Ily clcfioiiticmou , 4)’ is abuchiavicur forum otla.
1/cur sisoijmhicity, let usstart- buy rc~mhac:imig evct-y cuc:c:urensc:e
cuf the tn’oooiuonal culuerators weak—until, always,
precedes, strong—precedes, infinitely—often,

almost—everywhere, amid eventually with cx-

hmr~1sSiduuos iumvculviuog <mushy I-lie tenmp<unai cupera(<uo-
strong—until aoocl next. (Simice Al is dosed, it osu~tkes

scm cliffeo’cuoc-e whiethem- we c’cmnssidlernext tcm hue strouig cur
weak.) ‘l’isis is ooiache imossihule buy the ahhmnevialioous cumu
pitge 3. Scm oucuw <F’ is t hueloavicur fcuroiioiha whocusc cuoshy
tcuoilmdural <mlueo-at<urS isa-c next aoscl strong—until. By-
I be (3 osaramot-cecl Ccuveragc ‘l’hsecunemss auo<] the fact I-boat- <F
is 1100 iversal , it iseoscusighi 1cm shocuw that 4)’ is true <if ev-

ery huehiavicurins A-i slat-I imog at ~ - So, buy tbse results iou
secti0053.6, we seed cuouly t,o slucuw (bat /11(4)1), xi ~

fcur eveo’y luelsavooo-a-iso :1-1(4)’) st-at-I imig at- sq). Scm let- a-
he a liehoavior i us :1-1(4)) st-antiosg at a,>. We will mud mic(
on the ccu050imlcxity <if <F’. Umiless cutloem-wise nocutecl, m-cf—
ereosc:cstcu (Sl_S3,I3I--Ib3) oefen tcm I-hue dlefl050hicums of I,hue
seumi<tist (‘S.

If 4)! is a-os atci050ic po-opcuSit iou, Ihoetu 4)1 is a state foo-—
usdaby (51) of the clefisu(icmos <if duesymot-ax of FB’h’L,

Siusc’e <F’ is alunculuoSil icuomalst;tte fcurnooola,~im= <F’ (Cf.



(53) <if t lie clefimsiticuos of the symutax <if F13’l’L). ‘I hon’o’e

fcmne 111(4)’), xi’ ~ <F’ buy hiyp<utboesisaoscl we arec]cuooe,

Soibmiudise4)’ is <if I lie fcmross (and p q) - Thicts we o-eclmice
1cm tIme casecuf shu<uwioig Al(p), xi = p amic] AI(q), a- ~. q.

Sulupose4)’ is cuf I lie fcurmss (not p) - ‘fhicos we redtic-c
to I hue case <if shucuwimog 1 hal it is oscut I hoe case thu ~tt

/1f(p),xi ~p.

Soiimiuose <F’ is <if tlse fcurois (strong—until p q). NYc
nec] uc’e 1cm shi<mwimug t bat fcur scum me usonumoegatiye imul egen
I ~ A(a-) — 1 amid fcun all 0500005egativeimotegers /n < j,
/11(q), a-~ ~— si amid A!(p), a~>’ ~ p.

Sup~uosr<F’ is 0f I hue forous (next ja) wherep is a
huavicur fcurousoiha. It 000usl bue ihoe case that A(.i-) > I,
cuthoerwise ,<t.~I,xi ~— <F c-<uul<1 nocm boave hueemu true (Cf.
(B3)). ‘l’buius we rec]oic-e t cm pncuvimug M(p), xi

1
(.. ~

los cacAo citse we havereduced <F’ (cm a nuicure siomsimbe cx
pressiomi- ‘h’he cuhuvicuusi mod ma-I icuom itrgu nsent <iou I hoe(-<moos
~mhexity<if 4)’ fiosishics the Tuncucuf.

5 APPLICATIONS OF EBTL AND
QSIM

F13’I’L ossay hue usefoib any house QSINI is used. QSIM
hasluecos used (cm sioumnbate<‘<umstrcullers, himimsoamo cuo-ganms
amid disease,abstrat-I aoudl real~mhuysicabsyste005s, dccini
cal circoiits, imcuiuuhaiicuru dlymuanusics,<‘hoconuicab reacticuoss,
etc.

5.1 PROVING PROPERTIES OF
CONTROLLERS

Kuilmers L~Astrooss [199 1] hoitvc omsech ‘FL toud QSINI 1dm

rmnove hurcupentics <if Letcrogeosecumistout mcul 1 itwS..’\ bet
er<mgemsccuus ccuoil rolhem is a moomihissear<-<mootrolleo c’rcatccl
by thoc c’cumsshmcmsiticun <if hcuc’aI (‘<mostnob laws ap~urdu~mniale
(cm differcost Olmerali mug oegicumus. Such a ccmostroller cams
lie treated iou the pm-esemoc’e<if imuc’oussphetckoiciwledge<if
I lie struc’I tire <if 1 hue systcmii, I Ion’ bucuoiuuchitries<if I hue cup
eratiosg regicuns,cur eveos I bun’ (-<mist rcul acticuos I d) take. IN
luetercugeouecuois<cuusto-cul law <‘itii lie tusalyzc’ch,eveos iou the

~uncscosceof i os<’cumsohmhet e koocuwledge, buy neiurcseuit i oug it
asaquahitalive <hiffereoul lal ectoiatiduos amodh oisioog <iuahit a

ive simioulat cmos I <m predict oboe &~eOof imossihmle lmehsa,~-iors
<if lIme syste055. fly cxjmressioogthe c]esio-ecl gosaraustee
as a St ateosucoot iou I-lilT U, t hoc validity <if oboe goianitootcc
caui lie amst<moos tI ically c-buech<ecl agaimost I hoc sd <if fucussi
lube hiehsavicuns. 1’-l snhmersk- A-si rbooi [1991] clemoscuossto-aI e
I hoc c]esigmo <if lochercugeosecuus<‘<mist rolleo’s, a0m<] po’cuve ten
I alto usefos1 buncuhuenti es,first fcur asi mooiule bevel om 1 rculhen
fcmn a ~vaIeo-tasik, amid] sec’<uosd fcuo a lsigbubv oscusobiosean
cheoonc-tl reactcur.

It shscmulc] Tue uscutedthat [Nicicuso, et. al., 92] misec] (‘ FL td)

~ur~ut’ca goo~to-austcc fcur a disc-i-etc—I louse tcuustmcml syslcoos.
FBIl~amid QShNI ossalce im iu<mssihulc 0dm a-~uhuly te005pcunitb

lcugic’ 1cm ccmust losucuoss—ti050et’ooul ncul sy-sleosis, aos<l ioscheec]
tcu dhyosstomo ic-al Syst coo Os lmi geooerah-

‘blue po’ogritooo ‘I I~ is e<~sialhy easily ittmimhied] (cm thoc hue
hoavi<ut’ I o-eescuut hmoit buy’ QSI Ni exteousicumos ssic’ho as N SI Nb
amid Q2, which oisn’ dluitmolitative bmoumuclimug imofcmnouuaticuos
amid imnoc]mice <)Oiitsi( it atI ye luoumuc]s cuts I hue hmredlidt icuous.
I-’cmn thueseabulubit-atidmius a slight exteossicuos <if ilse prohmcu-
siticuosal jiao-l <if tIme haoogoiitge is helpful. Weacid the
ahuihity to imsc’bmoc]e ooooosienic-al iusfcuounatious in tIme state

prdup<usi(i005s. ‘lbs is addedcxruoessiveouess(]cues oscul add

0dm thin’ s-cu osplexiI y <if the abg<uni(ho moo.

‘h’lse ~urogo-aosst’itiO he itOidI boa,’> huecus used omu lernuuiosals
who it’hs dci oscut soipbmcmm-I t lie gra~uhuic’s nocedecitci seeQSINi
trees. bus thoese <irt:uo005sl ant-cs, I hue miser <-atm hearmi cv
erythoi mug hoe nuay oseec] 1cm kmi<mw abucumot a. QSI M tree buy
evahuatisug a few carefully <‘hucuscom I’IIITL statenosents.

5.2 TL AS A DEBUGGING TOOL FOR
QSIM MODELS

BecauseQSIN-I is oucul t’cuossplele,a QSINi tree mooay c’cmum-
talus buehoavicurs whuic’hs <1dm moot corresimcmms<] tci real bucbiav
icurs. Thoenefcune,iboc I roiihi <if ams EI3’h’L statenmoemot(e.g.
cuooe huegi1000ioug wit ho I hoe dbooaoulifier possibly), <hoestool
100 uphy oboe I roil hi <if the c-cmrrespcmmudimmgsta(emroeoit its ami
as’tual liebsa-vicim-. ‘Ibis itlmparemit limonialicumo, huciwevet-,
<‘itiO lie aou<h hots hmccoo used as it c]ehmmiggimog cucul. 1/cur cx

ai usimle, if tIc QSIN-I oiser km ucuws I hal a<‘em-I alto sequeuut:e
<if eveostscaoomocul duct-un iou a real huehiavicur,hue <‘-atm misc
‘IL to 6 mod cusit if (ho ~tt sec)ueui<’e cif evemots occurs i no amy
<if I lie bmchiavicunsits I lie QSINI tree, ‘Floe i osojuleomocootccl
~mrcugnitnis‘h U abhcuwsI’ll IT l~fcurnosoil a’ 1cm havesideeffe<-h a.
- Ihseref<uo’e, II cats hue oosecb 1cm un moo <moot t hoe mu msc]esi rable
hueloavicurs cur St isA es who it-Is satisfy t <:enhai os Fhl’I’L fcmm’—
ossoila. los ibue ac-I mial ‘IL <‘<mdc, iluem’e arc featureswhiit’bs
sosalce I lois lmo’cut’ess veo-v easy.

5.3 EXAMPLES

Wedle500duosstrate I hoe sise <if ‘FL 1cm itsk amid ausswerc’oses-
t icuoos ahucisit twcu si005tule uscudels: the minoclitussimed ost-ibba
I dun, wbucusc’ lids avicur lu-ce Is rca-itcc] iou t lie liii t i tb sIate
SS 505<] thue <has sopech cust-iblatcur, whucusebudsitvi<mr tree Is
u’cudutedl its thuc stitte DS.

Umidam1a-’d Oscillator ‘Floe si050hube s~mnisig <‘<in
scm-yeseosco’gy, scm all buchoavicursare t-yt-lcs, asshicuwos hiy
o hoe bud say1cm t o-ee iou figu u-c 1 - ‘l’bue t horce buehavicurs di f
fen acc’oo-<l u tog t ci whoethoer I hoe itO osimb it ode<if ( Ise <ust’illa
o icuoms pitssesa hmo’eclefioied] hamodosuark vabmie. ‘Floe queries
sbo<uwoo chconooosirate thuitt I hoe mA moople s[mniosg oseverhue
coooues dluiesd-ems(, always rca-c-hoes a c-yche slate, amocl
isec:essanihyhoas ami imofiosile seqoiems<-e<if evemulscrossimog
a’ — 0 iou cuhurmcusited]inec-ticuous.

(TL SS ‘(necessarily
(always (not (status quiescent)))))

=> T



(TL SS ‘(necessarily (eventually (status cycle))))

=> T

(TL SS ‘(necessarily

(and (infinitely—often (qval x (0 mc)))
(infinitely—often (qval x (0 decYfl)

=> T

(TL SS ‘(necessarily
(inf mit ely—of ten

(precedes (qval x (0 dec))

(qval x (0 mc))))))
=> T

Damped Oscillator Tboe damnspe<ispnimig Icuses ens-
ergy. The first behavior is a cycle represeootimuga die
creasing osciblaticun. ‘rhue second tw<m are partial c-yc-les
fculboweci huy ~oscmdal”c-000vergemiccto quiescemitstalesat
the origiom (imo<iicated buy circled dots imo (hoe bmehsavior
tree). This fitoile bmehaviontree represenstsamu imofioiilc
famsuily <if bueboaviors, <uscillatloig a finite tiumoiher of half—

cyches anouru<l (he omiginu buefore “tocidal” convergemice.
Each of time umuversabqueslloomsaskedahmooit (hoe sionphe
spnimug behsavi<mris false<if I hoe d amiopeci spniuog, hut (lie
ccmrrespondinogexistenstiahs(aeuoienstsare true,

(TL DS
=> T

(TL DS
=> T

(TL DS
=> T

‘(possibly (always (not (status quiescent)))))

‘(possibly (eventually (status cycle))))

‘(possibly (eventually (status quiescent))))

(TL DS ‘(possibly
(and (infinitely—often (qval x (0 incfl)

(infinitely—often (qval x (0 decfl)fl)
=> T

(TL DS ‘(possibly
(inf mnitely—of ten

(precedes (qval x (0 dec))

(qval x (0 incYflfl)

=> T

6 FUTURE DIRECTIONS

QSIM atucl EB’lL c-ass be c:ooushimiedto boehim ins thue <Ic—
sigos of a QDE. One possibility is to allow EBTL for
mula’ as ~martof the inptol to the QS1M prograns. Its
thus case,QSIM w<muhd cumihy generatethsosebuehoavicuns
whichs are osicmc]els for the EBTL fdmr015ula’, I.e. QSIM
would test the satisfiabuility cmf I hoe c’cunjomit-I iomo <if I hue
EBTL formimoola’. ‘I’hois wcmuld allow a qualitativenoicudel

cm hue describedjoimoily by a QDFI ausd ano l’IIITL dc

sc-riptiosuof its huebsavior.

The hiossltimog case,withu arm EBTL specifit’ation of the
desired behsavioo- amid] nso QDE, raises atm intrigosioug

pcmssihuihily. QSI NI wcuilcl predict all beboaviors c’omssis—
(coot wills c-onlimionly amucb tbse EIITL specifications. A
rcceoithy-<icvelo~medjurognamos called MISQ takesas iou
put a set of quahitalive huehsaviorsand produces ilse
uosimiimmmah QDI’l c-apahuhe <if pr<uduc’iosg tbmat huebsavior
[lilt-hoards, et al, 92]. ‘Flois w<moihcl hue useful, for examn—

imle, (cm a contrcullcrclesigomer wbscm kncuws ibsat hue wamuts
certaimi ciuahitalive eveosts to ot-c-ur, not to occur, or
to occur imofinoilehy oflen. By providimog thus spedifid’a
I ionu in the foron of EB’FL forusouha’, this conibmiosa(icmno
<if EB’FL, QSIM, amid MISQ sought hue ahmbe lo desigmu
(lie apprdupnia(eQDL omscmdeb.

NVork iscurreouiby heimig doosewidi thuegoalof au(ooooa(
icalby geusenalimog mual mirabexphaooaticmm-os of thestructures
associated wills QS1M. ‘Fhsis requireslime deteclioos<mf
<ertaims consstncmmifeatuires imi physi<-absystenos,eg. ooeg—
ative feed-back hocmius, ost:ibba(iooi, eIc. While EBTL is
useful f<mn oosamsyjmarts of (lois pr<mt-ess, moore exhmressive-
muessis clearly required.

Ito parlic-ulan, it will be inump<mr(aoot to coosopare(mocmt
joist cjuaomtify over) imebsaviorsand states, amid to ccu050

umare amoci d]uaostifyover variables iou the QDE. In s<moome
cases(bus c-atm hue d]cune its i’IB’b’L, though awkwardly.
It wooild noot hue eoicmughi (cm buuild EBTL ous a first—order
logic- insteadof a pr<mp<msilionahhogi<, since <iuantifica—
Iicmmu to comuopare huebsaviors, states or variahules noiust he
scoped omilside of the osocmdah amid teousporal opera(ors.
‘l’bois wcmulcl msmuc]cioibmicc]ly Imave ot submsl austiab inulmact on
<cuomophexily.

7 MISCELLANY

7.1 COMPUTATIONAL COMPLEXITY

(lheckimsg (Foe validity of statennseostsmo hi’FL is poby-
noomssiah,and EB’FL is exponeooliah,in I he size of I hoe
sIalcoisetot- hicmwevcr,simoc’e (hoe st-atemnuenotsaretypically
moot e000rmisous,(hoe o oocmrc itoo~ucurIamit <-<moistraluit is lbsat
validity c-Iscchcioig is himseanin the size of Ibue Imehavicun
I nec.

7.2 CODE

‘Fhe <‘<mdc fcmr QSI \4 isitv ailahube via anuonmy0050usfi1m at
cs.utexas.eduito Ihie directory ftp/pub/qsim. The
up—to—date versicuos of ‘FL will hue imucluded witbu (hoe re-
lease of QSIN’I by Kil’O-’l.

7.3 RELATED WORK

PcIated wcurk hasbucemo c]cumoe iou applyimig I emumporallog-
ic-s to vanicuus moicmc]ehs. Sonuse cuf I hoe logic-s devehcmimeci
havebeets abmheto exumressnmscmre qtoantitative time its
formusatiomi. Simsc-e QSIM does moot expressinfcmrmnaiiooo
ahuout ibue “real” length of tinie imotervals, these bans



guagesare oicul- practicahmhein our sit-uatiomi. We sjucc:if—
ically oToeuuticmnu fcmr exanropie [Jahanian, 88]. In this pa-
per, real time systcnssarc mmscmciched isi (hoc Mcudechoart
hanuguage. Sta(cnosentsmu Real Time Logic caou hue
cbmecked againostitMociechartnnociel. Real Titise Logic
is uosdecidable ins genserabbout ccrtaimi classesof state-
nroentsarc showmoto be decidable.‘i’boese laruguagesarc
suitedfor timuue-cnitic:al systenos.Flowever, if all t-hoat- is
important is the order of events, (lien languages soichi
as C~iL* arc sufficiently expressive. In [Moons, 92],
statementsin CTL arecheckedagainststatetransiticunu
graphs genserated fr<mm programmable logic comotroller
ladder diagranois. ‘Flue spe<:ific apphicaticuns mo [Mo<moo,
92] is to c:hiemnicah process corstr<ml, Pcmssibmhy (lie msiost
work bias becmi dcune in apphicatioussof tenoulucural lcmg-
ics to ccmrrspu(cr pncucesses sucho as parallel conulputimug.
[Ernsers<umo, 90] and [Lichitenmsteiru, 84] are exannphesof
sucho wcmrk. [Cobhisis, 89] tcucmk an early step iou (Foe itbu—
pbicatiooi <if tenmujucinal logic to QSIM.

7.4 HISTORY

In 1989, Kuipers begandiscussinugthe apphicatioosof
branochisig-tirne tennporah logic to QSIM with David
W. Franoke amid E. Ahlenu Emerson, In 1990, Kuipers
wrote (lie code on which ‘FL is based, In i992-93,
Shults added the finite unwiosding of cycle states amid
disccmveredthe nuew theoremspresensteciin tbuis paper.

8 CONCLUSION

Thus paperhas presented a metbood usinug modal and
temporal logic to prove prcuperties of i-hoe behavior of
a conutioiuous physical system. If the user cami describe
a physical system in terms of a set of qualitative ccun-
strainsts,tbueoo by usimsg QSIM aoid ‘FL, lie cur sloe cams
prove theorems about- the behavior of amoy real sys-
tem consistent wit-h thoseconstraints, We therefore
provide a mmseanisigfuh amoci scmunsd inuterprct-ation for I-hoc

phsra,se, “proof by simulationu,”

We expect that diis link huetweems logic-based amoci
simulatiomi—basedinmferensc:c nomethoclswill support ava-
riety of hybmrid rcasomnigtechusoiques(hoat c<uuil<i hue cuf
substantial value.
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