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Abstract
Qualitative Constraint Networks (QCNs) comprise
a Symbolic AI framework for representing and rea-
soning about spatial and temporal information via
the use of natural disjunctive qualitative relations,
e.g., a constraint can be of the form “Task A is
scheduled after or during Task C”. In qualitative
constraint-based reasoning, the state-of-the-art ap-
proach to tackle a given QCN consists in employ-
ing a backtracking algorithm, where the branching
decisions during search and the refinement of the
QCN are governed by certain heuristics that have
been proposed in the literature. Although there
has been plenty of research on how these heuristics
compare and behave in terms of checking the satis-
fiability of a QCN fast, to the best of our knowledge
there has not been any study on how they compare
and behave in terms of obtaining a tractable refine-
ment of a QCN that is also robust. In brief, a robust
refinement of a QCN can be primarily seen as one
that retains as many qualitative solutions as possi-
ble, e.g., the configuration “Task A is scheduled af-
ter or during Task C” is more robust than “Task A
is scheduled after Task C”. Here, we make such
a preliminary comparison and evaluation with re-
spect to prominent heuristics in the literature, and
reveal that there exists a trade-off between fast and
robust solving of QCNs for a dataset of Allen’s In-
terval Algebra instances.

1 Introduction
Qualitative Spatial and Temporal Reasoning (QSTR) is a ma-
jor and active field of study in AI that deals with the funda-
mental cognitive concepts of space and time in an abstract,
human-like manner, via the use of simple qualitative con-
straint languages Ligozat [2013]; Dylla et al. [2017]. Such
languages consist of symbolic expressions like inside, be-
fore, or north of to spatially or temporally relate two or more
objects to one another, without involving any quantitative
information. By extension, QSTR forms a concise frame-
work that allows for rather inexpensive reasoning about en-
tities located in space and time and, hence, further boosts re-
search and applications to a plethora of areas and domains

that deal with spatio-temporal information, such as cogni-
tive robotics Dylla and Wallgrün [2007], qualitative model
generation from video Dubba et al. [2015], ambient intelli-
gence Bhatt et al. [2009], visual sensemaking Suchan et al.
[2019], modal logic Muñoz-Velasco et al. [2019]; Bresolin et
al. [2019]; Morales et al. [2007]; Kontchakov et al. [2007];
Gabelaia et al. [2005], stream reasoning de Leng and Heintz
[2016]; Heintz and de Leng [2014], and qualitative case-
based reasoning and learning Homem et al. [2020]. The in-
terested reader may look into a comprehensive review of the
current status and the future directions of QSTR in Sioutis
and Wolter [2021].

Qualitative spatial or temporal information may be mod-
eled as a Qualitative Constraint Network (QCN), which is a
network where the vertices correspond to spatial or temporal
entities, and the arcs are labeled with disjunctive qualitative
spatial or temporal relations respectively, e.g., x ≤ y can be a
temporal QCN over Z. Given a QCN N , the literature is par-
ticularly interested in its satisfiability problem, which is the
problem of deciding if there exists a spatial or temporal in-
terpretation of the variables ofN that satisfies its constraints,
viz, a solution of N . For instance, x = 0 ∧ y = 1 is one
of the infinitely many solutions of the aforementioned QCN,
and x < y is the corresponding scenario that concisely repre-
sents all the cases where x is assigned a lesser value than y. In
general, for most widely-adopted qualitative calculi the satis-
fiability problem is NP-complete Dylla et al. [2013]. In the
sequel, we will be using Interval Algebra (IA) Allen [1983]
as an illustrative example of a qualitative calculus.

Motivation & Contribution
Let us consider the temporal qualitative configuration of Fig-
ure 1, which can be seen as a simplified QCN of IA as de-
scribed earlier (these notions are formally defined in the next
section). In qualitative constraint-based reasoning, the state-
of-the-art approach to tackle such a given QCN consists in
employing a backtracking algorithm, where the branching de-
cisions during search and the refinement of the QCN are gov-
erned by certain heuristics that have been proposed in the lit-
erature Renz and Nebel [2007]; please also consult Sioutis
and Wolter [2020] for a latest overview of this approach.
Over the past years, there has been a lot of research on how
these heuristics and other related schemes compare and be-
have in terms of checking the satisfiability of a QCN fast,
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Figure 1: In order to obtain a tractable refinement of an initial qualitative configuration, certain disjunctions of possible relations
need to be split into (sub-disjunctions of) relations that can guarantee tractability in the general case, e.g., precedes ∨ follows
(a dichotomy) into either precedes or follows; here, if we place Task A before Task B, we can deduce a configuration that is
very restrictive in terms of allowed relations, yielding a single qualitative solution, and if we place Task A after Task B, we can
deduce a configuration that is very flexible/robust in terms of allowed relations, yielding multiple qualitative solutions (viz., 13,
if we view it as an IA Allen [1983] configuration).

see Sioutis and Wolter [2021] and references therein, but,
to the best of our knowledge, there has not been any study
on how they compare and behave in terms of obtaining a
tractable refinement of a QCN that is also robust. In brief,
here, we consider a robust refinement of a QCN to be pri-
marily one that retains as many qualitative solutions as possi-
ble; this notion can be seen as an extension of that introcuded
in Sioutis et al. [2020], where single qualitative solutions are
concerned, and no study takes place on heuristics for obtain-
ing/approximating them (the presented algorithm is exhaus-
tive). For example, in Figure 1, placing Task A after Task B
instead of before, allows us to obtain a tractable refinement
that maintains 13 possible qualitative solutions (scenarios) of
IA. In this case, choosing either after or before allows us to
obtain a tractable refinement; however, in general, choosing
the more flexible (sub-)relation in every step of the refine-
ment process, may result in obtaining a tractable refinement
slower than if the choices were more aggressive/restrictive.
In this paper, we aim to study whether such a trade-off exists,
by comparing prominent heuristics in the literature in relation
to the quality of their output, i.e., the robustness and other re-
lated measures of the tractable refinements that they help to
produce. We think that gaining a better insight into the output
of the different heuristics can have important implications in
cases where QCNs are coupled with other frameworks, such
as planning or machine learning techniques, as constant revi-
sion of spatio-temporal information can be typical in systems
where such information is communicated by different com-
ponents, and robust QCNs can better withstand such revision.

The rest of the paper is organized as follows. In Section 2
we give some preliminaries on QSTR. Next, in Section 3 we
present our study on robust vs fast solving of QCNs and com-
ment on the outcome. Finally, in Section 4 we draw some
conclusive remarks and give directions for future work.

2 Preliminaries
A binary qualitative spatial or temporal constraint language,
is based on a finite set B of jointly exhaustive and pairwise
disjoint relations, called the set of base relations Ligozat
and Renz [2004], that is defined over an infinite domain D.
The base relations of a particular qualitative constraint lan-
guage can be used to represent the definite knowledge be-
tween any two of its entities with respect to the level of gran-
ularity provided by the domain D. The set B contains the
identity relation Id, and is closed under the converse opera-
tion (−1). Indefinite knowledge can be specified by a union
of possible base relations, and is represented by the set con-
taining them. Hence, 2B represents the total set of rela-
tions. The set 2B is equipped with the usual set-theoretic
operations of union and intersection, the converse operation,
and the weak composition operation denoted by the symbol
� Ligozat and Renz [2004]. For all r ∈ 2B, we have that
r−1 =

⋃
{b−1 | b ∈ r}. The weak composition (�) of two

base relations b, b′ ∈ B is defined as the smallest (i.e., most
restrictive) relation r ∈ 2B that includes b ◦ b′, or, formally,
b � b′={b′′ ∈ B | b′′∩(b ◦ b′) 6= ∅}, where b ◦ b′={(x, y) ∈
D×D | ∃z ∈ D such that (x, z) ∈ b∧(z, y) ∈ b′} is the (true)
composition of b and b′. For all r, r′ ∈ 2B, we have that r � r′
=

⋃
{b � b′ | b ∈ r, b′ ∈ r′}.

As an illustration, consider the well-known qualitative tem-
poral constraint language of Interval Algebra (IA), introduced
by Allen Allen [1983]. IA considers time intervals (as tempo-
ral entities) and the set of base relations B = {eq, p, pi, m,
mi, o, oi, s, si, d, di, f , fi} to encode knowledge about the
temporal relations between intervals on the timeline, as de-
picted in Figure 2. Specifically, each base relation represents
a particular ordering of the four endpoints of two intervals on
the timeline, and eq is the identity relation Id.

Notably, most of the well-known and well-studied qual-
itative constraint languages, such as Interval Algebra Allen
[1983] and RCC8 Randell et al. [1992], are in fact relation
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Figure 2: A representation of the base relations x b y of IA;
bi denotes the converse of b

algebras Dylla et al. [2013].
The problem of representing and reasoning about qualita-

tive spatial or temporal information can be modeled as a qual-
itative constraint network, defined as follows:
Definition 1. A qualitative constraint network (QCN) is a
tuple (V,C) where:
• V = {v1, . . . , vn} is a non-empty finite set of variables,

each representing an entity of an infinite domain D;
• and C is a mapping C : V × V → 2B such that
C(v, v) = {Id} for all v ∈ V and C(v, v′) =
(C(v′, v))−1 for all v, v′ ∈ V , where

⋃
B = D× D.

An example of a QCN of IA is shown in Figure 3a; for clar-
ity, converse relations as well as Id loops are not mentioned
or shown in the figure.
Definition 2. Let N = (V,C) be a QCN, then:
• a solution of N is a mapping σ : V → D such that
∀(u, v) ∈ V ×V , ∃b ∈ C(u, v) such that (σ(u), σ(v)) ∈
b; and N is satisfiable iff it admits a solution;
• a refinement N ′ of N , denoted by N ′ ⊆ N , is a QCN
(V,C ′) such that C ′(u, v) ⊆ C(u, v) ∀u, v ∈ V ; if in
addition ∃u, v ∈ V such that C ′(u, v) ⊂ C(u, v), then
N ′ ⊂ N ;
• N is atomic iff ∀v, v′ ∈ V , C(v, v′) is a singleton rela-

tion, i.e., a relation {b} with b ∈ B;
• a scenario S of N is an atomic satisfiable refinement of
N (see Figure 3b);
• the constraint graph of N , denoted by G(N ), is the

graph (V,E) where {u, v} ∈ E iff C(u, v) 6= B and
u 6= v;
• N is trivially inconsistent, denoted by ∅ ∈ N , iff
∃v, v′ ∈ V such that C(v, v′) = ∅;
• N is the empty QCN on V , denoted by ⊥V , iff
C(u, v) = ∅ for all u, v ∈ V .

Given a QCNN = (V,C) and v, v′ ∈ V , we introduce the
following operation that substitutes C(v, v′) with a relation
r ∈ 2B to produce a new, modified, QCN: N[v,v′]/r with
r ∈ 2B yields the QCN N ′ = (V,C ′), where C ′(v, v′) = r,
C ′(v′, v) = r−1 and C ′(u, u′) = C(u, u′) ∀(u, u′) ∈ (V ×
V ) \ {(v, v′), (v′, v)}.
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{pi, eq}

(a) A satisfiable QCNN

x1 x2

x3x4

{m}
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(b) A scenario S ofN

Figure 3: Figurative examples of QCN terminology using IA

We recall the definition of �G-consistency Chmeiss and
Condotta [2011] (cf Renz and Ligozat [2005]), which entails
consistency for all triples of variables in a QCN that form
triangles in an accompanying graph G, and is a basic and
widely-used local consistency for reasoning with QCNs.
Definition 3. Given a QCN N = (V,C) and a
graph G = (V,E), N is said to be �

G-consistent iff
∀{vi, vj}, {vi, vk}, {vk, vj} ∈ E we have that C(vi, vj) ⊆
C(vi, vk) � C(vk, vj).

We note here that if G is complete, �G-consistency be-
comes identical to �-consistency Renz and Ligozat [2005],
and, hence, �-consistency is a special case of �G-consistency.
In the sequel, given a QCNN = (V,C) of some calculus and
a graph G = (V,E), we assume that the closure of N under
�
G-consistency, i.e., the ⊆-maximal �G-consistent refinement
of N , denoted by �G(N ), is computable. This assumption
holds for most widely-adopted qualitative calculi Dylla et al.
[2013].

Over the past few years, the use of chordal graphs has
become prominent in tackling a QCN. In short, a graph is
chordal if every cycle of length > 3 has a chord, which is an
edge that is not part of the cycle but connects two vertices of
the cycle. Triangulating the constraint graph of a QCN in-
stead of completing it allows us to reduce the search space,
whilst preserving the conditions that can lead to tractability
of the QCN; see Chmeiss and Condotta [2011] in the context
of IA for example.1

Note 1. In the sequel, we will also be considering triangu-
lations of the constraint graphs of QCNs, but our approach
works for traditional complete graphs too.

To better exploit chordal graphs G in the context of our
work, we introduce the notion of a partial scenario of a QCN
with respect to a graph G, or, simply, a G-scenario of that
QCN.
Definition 4. Given a QCNN = (V,C) and a chordal graph
G = (V,E) such that G(N ) ⊆ G, a G-scenario of N is a
satisfiable refinement (V,C ′) of N such that for all v ∈ V ,
C ′(v, v) = {Id}, and for all (v, v′) ∈ E, C ′(v, v′) = {b},
where b ∈ C(v, v′).

Informally, a G-scenario of a given QCN can be viewed as
a scenario of that QCN (see Definition 2 and Figure 3b) that
is restricted to the edges of some accompanying graph G.

1Please also refer to Huang [2012] for the more generic prop-
erties that are needed to exploit triangulations of QCNs in terms of
tractability preservation.



Algorithm 1: Refinement(N , G, A, f)
in : A QCN N = (V,C), a graph G = (V,E), a

subset A ⊆ 2B, and a heuristic f.
out : A refinement of N with respect to G over A, or

⊥V .
1 begin
2 N ← �

G(N );
3 if ∅ ∈ �G(N ) then return ⊥V ;
4 if ∀{v, v′} ∈ E, C(v, v′) ∈ A then return N ;
5 (v, v′)← {v, v′} ∈ E such that C(v, v′) 6∈ A;
6 foreach

r ∈ subrelationSelection(N , G, A, (v, v′), f) do
7 result← Refinement(N[v,v′]/r, G, A, f);
8 if result 6= ⊥V then return result ;

9 return ⊥V ;

3 Robust Vs Fast Solving of QCNs
In this section we present our study on robust vs fast solving
of QCNs. In particular, we build upon the work of Sioutis
and Wolter [2020] that introduces and evaluates numerous
heuristics for efficiently tackling QCNs in terms of compu-
tation time, and introduce and use measures to compare these
heuristics in terms of the quality of their output too, i.e., the
robustness and other related measures of the results that they
help to produce. First, we recall what the state-of-the-art ap-
proach for tackling a QCN is and how those heuristics play a
role in doing so.

3.1 Tackling a QCN by Identifying Satisfiable
Tractable Refinements

In qualitative constraint-based reasoning, the state-of-the-art
approach to check the satisfiability of a given QCN N , con-
sists in splitting every relation r that forms a constraint be-
tween two variables in N , into a sub-relation r′ ⊆ r that be-
longs to a set of relations A over which the QCN becomes
tractable Renz and Nebel [2007]. In particular, for most
widely-adopted qualitative calculi Dylla et al. [2013], such
split sets are either known or readily available Renz [2007],
and tractability is then achieved via the use of some local con-
sistency in backtracking fashion; after every refinement of a
relation r into a sub-relation r′, the local consistency is en-
forced to know whether that refinement is valid or backtrack-
ing should occur and another sub-relation should be chosen
at an earlier point [Renz and Nebel, 2007, Section 2]. Con-
sult also Algorithm 1 for an example of such a backtracking
algorithm. One of the most essential and widely-used such
local consistencies is �G-consistency, where G can be either
the complete graph on the variables of N Renz and Ligozat
[2005], or a triangulation (chordal completion) of the con-
straint graph of N Chmeiss and Condotta [2011], as men-
tioned earlier.

Example 1. The subset HIA of the set of relations of In-
terval Algebra Nebel and Bürckert [1995] is tractable for
�
G-consistency, i.e., �G-consistency is complete for deciding
the satisfiability of any QCN defined over HIA with respect

to a triangulation G of its constraint graph Chmeiss and
Condotta [2011]. That subset contains exactly those re-
lations that are transformed to propositional Horn formu-
las when using the propositional encoding of Interval Al-
gebra Nebel and Bürckert [1995]. To further facilitate the
reader, let us consider a constraint that involves the re-
lation {mi, di, si, p,m, d, s}. This relation does not ap-
pear in the subset HIA and hence tractability is not guar-
anteed in general, but it can be split into sub-relations
{mi}, {di, si}, {p,m}, {d, s} with respect to HIA; each of
those sub-relations belongs toHIA.

Clearly, once all of the relations that form a constraint be-
tween two variables in a QCN N are split into sub-relations
that belong to some tractable set of relations, a tractable re-
finement N ′ of N is achieved. At this point, satisfiability
of the refined QCN may be decided by a last single applica-
tion of �G-consistency, and, upon success, G-scenarios of that
QCN may be generated if needed. Thus, the choice of the sub-
relation in every step of the refinement process is of particular
importance, as it directly affects the quality of the produced
refined QCN (e.g., in terms of the number of G-scenarios /
qualitative solutions it holds). That choice occurs in line 6 of
Algorithm 1 and is governed by a heuristic f; please see Ap-
pendix A for a description of such heuristics, and also con-
sult Sioutis and Wolter [2020] for a complete presentation.

3.2 Robustness Measures of Satisfiable Tractable
Refinements

Generally, robustness can be defined as “the ability of a sys-
tem to resist change without adapting its initial stable con-
figuration” Wieland and Wallenburg [2012]; see also Verfail-
lie and Jussien [2005] and references therein. Naturally, a
system being robust, limits as much as possible the need for
successive repairs, and hence can play an important role in
environments that are prone to perturbation and unexpected
change, such as real-life configurations or systems of hetero-
geneous components (e.g., based on logic and machine learn-
ing) that process the same information. In our context, we
are interested in measuring the robustness of tractable refine-
ments, or, in other words, the likelihood of those satisfiable
tractable refinements to withstand a sequence of perturba-
tions, where a perturbation is defined to be the elimination
of a base relation from the constraint graph of an initial QCN
(from which the refinement was produced).

Definition 5. (Perturbation) Given a QCNN , we say thatN
is perturbed iff a base relation b ∈ C(v, v′) of it is removed,
with (v, v′) ∈ E(G(N )).

Next, we formally define certain notions that relate to the
concept of a perturbation and that we will be referring to in
the sequel.

Definition 6. (Notions of Resistance) Given a QCN N =
(V,C), a satisfiable tractable refinement N ′ = (V,C ′) of N ,
and a perturbation to N that removes its base relation b ∈
C(v, v′), with (v, v′) ∈ E(G(N )), we say that the tractable
refinement N ′:
• is affected by the perturbation iff b ∈ C ′(v, v′);



• withstands the perturbation iff N ′[v,v′]/r is satisfiable,
where r = C ′(v, v′) \ {b};
• survives the perturbation iff it both is affected by and

withstands that perturbation.

It is straightforward to obtain the following logical impli-
cations with respect to the notions of Definition 6:

Proposition 1. Given a QCN N = (V,C), a satisfiable
tractable refinement N ′ = (V,C ′) of N , and a perturba-
tion to N that removes its base relation b ∈ C(v, v′), with
(v, v′) ∈ E(G(N )):

• if N ′ is not affected by the perturbation, then N ′ with-
stands the perturbation;

• if N ′ does not withstand the perturbation, then N ′ is
affected by the perturbation.

Proof. In the first case, it holds b 6∈ C ′(v, v′), and as a result
C ′(v, v′) \ {b} = C ′(v, v′), thus N ′[v,v′]/(C′(v,v′)\{b}) is sat-
isfiable; the second case is the contrapositive of the first.

Theoretically, in order to compute the robustness of a
tractable refinement of some QCN N = (V,C), we would
need to consider all possible sequences of perturbations per-
taining toN , which areO(|V |2(|V |2!)) in number (i.e., num-
ber of permutations of O(|V |2) constraints, viz., O(|V |2!),
timesO(|V |2) number of constraints). Thus, we consider cer-
tain more practical measures for assessing the robustness of a
tractable refinement, that we describe as follows.

Amount of G-Scenarios in a Satisfiable Tractable
Refinement
Our primary measure concerns the total number of G-
scenarios that exist in a tractable refinement and that is
resticted to the possible combinations of base relations of
constraints in the constraint graph of a given QCN (thus, uni-
versal relations are disregarded and only true constraints are
considered). Intuitively, the more G-scenarios a tractable re-
finement contains, the more likely it is to remain satisfiable
after a sequence of perturbation invalidates some of those
scenarios. It follows that the tractable refinement with the
biggest number of G-scenarios should be able to withstand a
longer sequence of perturbations. Additionally, a bigger set
of G-scenarios yields more base relations per constraint on
average once these scenarios are unified; this means that the
corresponding refinement can stay valid for a wider variety
of changes. We note that all G-scenarios of a tractable refine-
ment can be generated with Algorithm 1, by providing the
tractable refinement as the input QCN to the algorithm, along
with a subset A that only contains the singleton relations of
the calculus (by doing so, every relation is split into singleton
relations).

Average Withstood Perturbations for a Satisfiable
Tractable Refinement
Our secondary measure concerns the total number of pertur-
bations that a tractable refinement can withstand on average,
i.e., the average length of the sequence of perturbations until
the refinement becomes unsatisfiable. This includes both the
likelihood that a refinement is affected by a perturbation and

the likelihood that the refinement survives the perturbation;
see again Definition 6 for a reminder of these notions.

Regarding the likelihood that a refinement is affected by
a perturbartion, we assume that all the constraints in a given
QCN N = (V,C) are equally likely to be perturbed. Thus,
the likelihood that a tractable refinement N ′ = (V,C ′) of
N will be affected by a perturbation to N is as follows (as
a reminder, the constraint graph of a QCN N is denoted by
G(N )):

P (N ′ is affected) =

∑
(v,v′)∈E(G(N )) |C ′(v, v′)|/|C(v, v′)|

|E(G(N )|)
Note that P (N ′ is affected) ∈ (0, 1] for N ′ being a satisfi-
able tractable refinement. Intuitively, the fewer base relations
a tractable refinement maintains from its original QCN, the
less likely it is to be affected; however, naturally, the refine-
ment is also less likely to survive the perturbation should it be
affected.

Regarding the likelihood that a refinement survives a per-
turbation, this can be calculated by simply applying all possi-
ble sequences of perturbations that affect the refinement and
counting the average number of survived perturbations. As
mentioned earlier, computing all possible sequences of per-
turbations is of factorial complexity and the same holds for all
possible sequences of perturbations that affect a refinement.
Therefore we employ random sampling of sequences of per-
turbations that affect the refinement in our experimentations
and compute an average number of survived perturbations;
we provide the details in the following experimental section.

Finally, given a QCN N , a satisfiable tractable refine-
ment of it N ′, and some sequence of perturbations, the av-
erage number of perturbations that the tractable refinement
N ′ withstands can be computed as follows:

avg. # withstood by N ′ = (
P (N ′ is not affected)
P (N ′ is affected)

∗

avg. # survived by N ′) + avg. # survived by N ′

= P (N ′ is affected)−1 ∗ avg. # survived by N ′

This average number of withstood perturbations can be seen
as a good measure of robustness for a tractable refinement
and also complements our primary one, viz., that of calculat-
ing the total number of G-scenarios that exist in the tractable
refinement.

3.3 Evaluation
This section describes two experiments that compare the ro-
bustness of satisfiable tractable refinements, generated by
Algorithm 1 and each heuristic f described in Appendix A
and Sioutis and Wolter [2020], based on each of the afore-
mentioned measures, viz., amount of G-scenarios and average
withstood perturbations in relation to a tractable refinement.
As per Note 1, the maximum cardinality search algorithm Tar-
jan and Yannakakis [1984] was used to obtain triangulations
of the constraint graphs of the QCNs in the evaluation.

Technical Specifications. Both experiments were carried
out on a computer with a Ryzen 7 4700U processor, 16 GB of
RAM, and the Windows 10 Version 2004 OS. All algorithms
were coded in Python and run using the PyPy intepreter under
version 7.3.3, which implements Python 2.7.18.



(a) Average number of G-scenarios contained in the resulting sat-
isfiable tractable refinements for each heuristic (refers to left axis),
and the average size of these refinements (= number of base rela-
tions), with the upper and lower quartile and the median (refers to
right axis).

(b) Fitness score for each heuristic with regard to the amount of
G-scenarios in their resulting tractable refinements; ranking points
are given based on how they place for each instance, from 2 (first
place) to −2 points with a step of −1.

Figure 4: Results from the experiment based on amount of G-scenarios

degree static max min avg sum

2
1.8m|606k
987.88|992

33k|6560
980.62|981

1k|16
925.25|932

12k|2616
970.45|974

1.8m|533k
993.03|1k

4
6.3m|523k
577.71|574

5.7m|504k
685.13|693

86k|260
464.53|458

295k|17k
583.15|582

14.3m|1.9m
625.49|632

6
764k|49k
322.51|312

4.2m|517k
411.51|416

4.75k|384
269.67|267

238k|13k
338.02|333

2.0m|268k
355.2|256

8
324k|4.5k
193.22|186

1.6m|171k
245.73|242

3.85k|380
164.55|162

132k|15k
208.86|203

968k|38k
216.3|214

overall
2.3m|141k
520.33|443

2.8m|133k
580.75|547

24k|270
456|348

169k|8.22k
525.12|448

4.8m|367k
549|468

Table 1: The amount of G-scenarios that can be generated from a tractable refinement and the size of a tractable refinement of
a certain degree; avg. # G-scenarios|median # G-scenarios

avg. size|median size

Experiment Based On Amount of G-Scenarios
Primarily, this experiment was conducted to assess differ-
ences in the amount of G-scenarios contained in the tractable
refinements generated by each of the heuristics. Additionally,
the size of the tractable refinement (i.e., its total number of
base relations), the average size of the sub-relations chosen by
a heuristic, and the average size of the possible sub-relations
to be chosen (including the chosen one at each selection) were
recorded for each heuristic.

Dataset. A dataset of 800 satisfiable random instances
of Interval Algebra was generated using the model S(n =
10, d, l = 6.5) Nebel [1997]; van Beek and Manchak [1996],
200 QCNs of n = 10 variables and l = 6.5 base relatios
per relation on average for each constraint graph degree value
d ∈ {2, 4, 6, 8}.

Results. The main result of this experiment is that there
are stark differences between heuristics in the number of G-

scenarios contained in the tractable refinements produced.
Figure 4a and Table 1 show that tractable refinements gen-
erated by dynamic sum on average contain 71% more G-
scenarios than those of any other heuristic. Further, dy-
namic avg scored 7 times higher than dynamic min, but 14
times lower than static, which in turn was close to dy-
namic max. The fitness scores presented in Figure 4b reveal
that dynamic sum and static perform better for smaller de-
grees, while dynamic max and dynamic avg generate com-
paratively more scenarios for bigger degrees.

The results are presented in further detail and from a dif-
ferent perspective in Table 2. The bigger (in terms of number
of base relations) tractable refinements are generated by dy-
namic max, which is especially interesting, since it chooses
smaller sub-relations than static and dynamic sum. Further,
dynamic min is the only heuristic that chooses smaller than
average sub-relations, resulting in the smallest tractable re-



static max min avg sum

avg. size of refinement 520.33 580.75 456 525.12 549
avg. size of chosen sub-relations 3.66 3.06 1.61 2.45 3.71

avg. size of possible sub-relations 2.15 2.29 2.07 2.22 2.19

Table 2: The average size (= number of base relations) of an attained tractable refinement, the average size of the sub-relations
that a heuristic chooses, and the average size of sub-relations from which a heuristic chooses (these sub-relations also include
the chosen one at each selection)

finements overall, among all heuristics. The Spearman’s rank
correlation between the amount of contained G-scenarios and
the size of a tractable refinement is corr(# G-scenarios,
size) = 0.773. Notably, the average size of possible sub-
relations also differed significantly between heuristics, with
dynamic max choosing from bigger and dynamic min from
smaller sub-relations.

Experiment based on Average Withstood Perturbations
This experiment was conducted to calculate how many pertur-
bations the tractable refinements generated by the heuristics
can withstand on average. To this end, the likelihood of re-
maining unaffected and the average amount of survived per-
turbations are measured in relation to those refinements. In
addition, the number of nodes that were visited while search-
ing for a tractable refinement was recorded.

Dataset. A dataset of 1 000 random instances of Interval
Algebra was generated using the model S(n = 30, d, l =
6.5) Nebel [1997]; van Beek and Manchak [1996], 200 QCNs
of n = 30 variables and l = 6.5 base relatios per rela-
tion on average for each constraint graph degree value d ∈
{5, 10, 15, 20, 25}

Results. The experiment showed clear differences in how
many perturbations the tractable refinements of the heuris-
tics can survive and, consequently, withstand, while the
likelihood of remaining unaffected was relatively even be-
tween heuristics; see Figure 5a. Just as in the first ex-
periment, dynamic sum performed best, withstanding 18%
more perturbations than static and dynamic max, which were
about even. While tractable refinements generated by dy-
namic min had the highest likelihood to remain unaffected,
they survived and withstood the fewest perturbations. Sim-
ilarly, dynamic avg generated tractable refinements that sur-
vived only 0.51 more perturbations than dynamic min, and
that were relatively unlikely to be affected. It also be-
came clear that the average number of survived perturba-
tions has a much bigger impact on the average number of
withstood perturbations than the likelihood of remaining un-
affected (corr(avg. # survived, avg. # withstood)
= 0.986). Figure 5b reveals that dynamic max is able to
withstand the most perturbations for degrees d ≥ 10, while
dynamic sum performs best for d = 5. Much like in the
case of the first experiment, the comparative performance by
static and dynamic sum decreases for higher degrees, and
increases for dynamic max and dynamic avg. Most impor-
tantly, the average Spearman’s rank correlation between the
number of withstood perturbations and the number of visited
nodes is corr(avg. # withstood, # visited nodes)
= 0.65. Some more detailed results are displayed in Table 3.

Discussion of Results
Despite using different measures of robustness and exper-
imenting with datasets of different size, both experiments
lead to very similar conclusions regarding the robustness
of tractable refinements in relation to the different heuris-
tics used. While dynamic sum seems to be the most ro-
bust heuristic overall, it is outperformed by dynamic max on
instances with high degrees. Despite generating more ro-
bust tractable refinements for higher degrees, dynamic avg
is less robust than static for lower degrees and overall. Dy-
namic min was clearly the worst of all in terms of robustness.

The first experiment shows that heuristics have preferences
in the size of sub-relations during the refinement process.
In particular, dynamic min favors sub-relations with fewer
base relations, as this reduces the likelihood of having a
base relation with a low model count (as a reminder, this
heuristic prefers sub-relations with the highest lowest model
count among sub-relations, please also refer to Appendix A).
On the other hand, dynamic max chooses sub-relations with
more base relations for the exact opposite reason. Further,
static and dynamic sum prefer bigger sub-relations, as this
increases the sum of weights and number of local models
respectively. In addition, the average size of possible sub-
relations gives an indication of how restrictive the chosen
sub-relations are, i.e., how many base relations the applica-
tion of the local consistency removes from other relations af-
ter a sub-relation is instantiated. It seems that dynamic max
chooses the least restrictive and dynamic min the most re-
strictive sub-relations.

The most important finding is that the heuristics that gener-
ate more robust tractable refinements, viz., dynamic sum, dy-
namic max, and static, are the least efficient ones Sioutis and
Wolter [2020], while dynamic min and dynamic avg, which
are the most and second most efficient ones, are the least and
second least robust ones, according to our experimentation
here. This indicates a trade-off when choosing which heuris-
tic to employ for solving a QCN of Interval Algebra, between
finding a solution quickly and generating a robust solution.
This fact is further supported by the strong positive correla-
tion between the amount of withstood perturbations and vis-
ited nodes. One possible explanation for this trade-off lies in
the size of the chosen sub-relations for each heuristic. Heuris-
tics that choose bigger sub-relations produce bigger tractable
refinements, which will contain more G-scenarios and will
thus be more robust. On the other hand, choosing a smaller
sub-relation is in general more restrictive towards other rela-
tions, because the local consistency will remove more base
relations. As a consequence, many relations will already be
tractable when selected to be refined, and will thus not have



(a) Average, upper, and lower quartile, and the median for the av-
erage number of perturbations that the resulting tractable refine-
ments for each heuristic survive and/or withstand (refers to left
axis), along with the likelihood that these refinements are not af-
fected by a perturbation (refers to right axis).

(b) Fitness score for each heuristic with regard to the average num-
ber of perturbations that their resulting tractable refinements with-
stand; ranking points are given based on how they place for each
instance, from 2 (first place) to −2 points with a step of −1.

Figure 5: Results from the experiment based on average withstood perturbations

degree static max min avg sum

5
3.42|7.8|0.57
2.99|7.2|0.57

2.69|5.81|0.54
2.45|5.34|0.55

0.52|2.17|0.76
0.52|2.11|0.76

0.96|3.07|0.69
0.91|3.03|0.69

4.42|9.42|0.54
3.93|8.64|0.54

10
0.61|2.44|0.75
0.59|2.4|0.75

0.94|3.0|0.69
0.89|2.94|0.69

0.31|1.5|0.79
0.3|1.48|0.79

0.52|2.1|0.76
0.51|2.08|0.76

0.77|2.86|0.73
0.75|2.84|0.74

15
0.33|1.53|0.79
0.31|1.51|0.79

0.52|2.03|0.75
0.5|1.99|0.75

0.23|1.15|0.81
0.22|1.15|0.81

0.35|1.58|0.78
0.35|1.57|0.78

0.39|1.74|0.78
0.39|1.73|0.78

20
0.24|1.21|0.8
0.24|1.2|0.8

0.37|1.6|0.77
0.36|1.59|0.77

0.18|0.94|0.81
0.17|0.92|0.81

0.27|1.3|0.79
0.26|1.3|0.79

0.3|1.43|0.79
0.3|1.4|0.79

25
0.22|1.11|0.81
0.21|1.11|0.81

0.29|1.34|0.79
0.28|1.32|0.79

0.16|0.87|0.82
0.16|0.87|0.82

0.24|1.17|0.8
0.23|1.16|0.8

0.26|1.26|0.8
0.26|1.26|0.8

overall
0.96|2.82|0.74
0.33|1.56|0.79

0.96|2.76|0.71
0.51|2.06|0.75

0.28|1.33|0.8
0.23|1.17|0.81

0.47|1.84|0.76
0.35|1.6|0.78

1.23|3.34|0.73
0.4|1.79|0.77

Table 3: The likelihood that a tractable refinement remains unaffected, the expected amount of survived perturbations, and the
expected amount of withstood perturbations; avg. # survived|avg. # withstood|avg. P(not affected)

median # survived|median # withstood|median P(not affected) .

to be split, resulting in a more shallow search tree.

4 Conclusion and Future Work
QCNs form a major AI framework to represent and reason
about spatial and temporal information via the use of natu-
ral disjunctive qualitative relations, e.g., “Task A is sched-
uled after or during Task C”. The state-of-the-art approach
for tackling a given QCN, consists in employing a backtrack-
ing algorithm for obtaining a tractable refinement of it (e.g.,
choosing either after or during in the aforementioned con-
straint), where the branching decisions during search are gov-
erned by certain heuristics that have been proposed in the lit-
erature. In this paper, we studied whether a trade-off exists
between tackling a QCN fast, and tackling it in a manner that
allows us to obtain a robust tractable refinement of it, i.e.,

a refinement that primarily retains as many qualitative solu-
tions as possible. To this end, we introduced some measures
of quality for the various tractable refinements that can be
produced by the different branching heuristics, viz., their ro-
bustness in terms of the qualitative solutions that they contain
and their ability to withstand perturbations, and performed an
evaluation in relation to these measures. Our findings suggest
that such a trade-off of speed and robustness indeed exists,
at least with respect to the heuristics that have been imple-
mented and are known to date, and that a compromise can be
achieved depending on the application of interest (e.g., speed
over quality, or vice versa). For future work, we would like
to investigate and devise techniques that switch among dif-
ferent heuristics when tackling a given QCN (e.g., increasing
aggressiveness while nearing a tractable refinement).



A Branching Heuristics
As described in Section 3.1, when choosing the next sub-
relation to instatiate a constraint with and consequently re-
fine a given QCN, branching heuristics are employed to de-
termine the least-constraining sub-relation. In particular, that
choice occurs in line 6 of Algorithm 1, and the branching
heuristic pertains to the function f given as input to the al-
gorithm; please also consult Sioutis and Wolter [2020] for
a complete presentation. This scheme has been traditionally
implemented in a static manner, where base relations are as-
signed a static weight a priori and the weight of a sub-relation
is the cumulative weight of its base relations van Beek and
Manchak [1996]; Renz and Nebel [2001]. This heuristic is
referred to as static.

• static: choose the sub-relation with the highest cumu-
lative weight, according to a static weighing of the base
relations of the calculus.

The dynamic heuristics described in Sioutis and Wolter
[2020] decide which sub-relation to choose, based on the
count of local models of the base relations in the sub-
relations. Let N↓V ′ , with V ′ ⊆ V , denote the QCN N =
(V,C) restricted to V ′, we formally define the notion of local
models as follows:

Definition 7. Given a QCN N = (V,C), a graph G =
(V,E), and a constraint C(v, v′) with {v, v′} ∈ E, the lo-
cal models of a base relation b ∈ C(v, v′) are the scenarios
S = (V ′, C ′) of N ↓V ′ , with V ′ = {v, v′, u}, such that
{v, u}, {u, v′} ∈ E and C(v, v′) = {b}.

The four proposed dynamic heuristics are as follows.

• dynamic max: choose the sub-relation that contains the
base relation with the most local models.

• dynamic min: choose the sub-relation for which the
base relation with the fewest local models has the most
local models among the respective base relations of the
rest of the sub-relations.

• dynamic avg: choose the sub-relation whose base rela-
tions have the highest average count of local models.

• dynamic sum: choose the sub-relation whose base rela-
tions have the highest cumulative count of local models.
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